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Abstract. We analyse the process of rapid positron annihilation in large polyatomic molecules due to
positron capture into vibrational Feshbach resonances. Resonant annihilation occurs in molecules which can
bind positrons, and we analyse positron binding to alkanes using zero-range potentials. Related questions
of spectra of annihilation gamma quanta and molecular fragmentation following annihilation, are discussed
briefly.

PACS. 34.80.Uv Positron scattering – 78.70.Bj Positron annihilation – 71.60.+z Positron states – 34.80.Gs
Molecular excitation and ionization

1 Introduction

In this paper we analyse the mechanisms of positron an-
nihilation in large polyatomic molecules. We also discuss
a number of related phenomena: positron binding, spectra
of annihilation gamma quanta and molecular fragmenta-
tion induced by annihilation.

So far these studies have involved alkanes and
other organic molecules and their substitutes but not
biomolecules, such as proteins or DNA. However, the
physics of positron annihilation in many large polyatomic
molecules should have much in common. Positron anni-
hilation in biological systems is at the heart of positron
emission tomography (PET) [1]. In particular, PET is an
essential tool for in situ beam observation and control
of the dose in heavy-ion tumor therapy (see, e.g., [2]).
Positron interactions with living tissue also form the basis
of positherapy [3].

As we shall see, rapid positron annihilation in many
polyatomics is due to a two-step process involving positron
attachment to the molecule. This makes it similar to
electron-molecule attachment procceses. Electron attach-
ment leads to formation of transient negative ions states,
which mediate and enhance molecular dissociation and vi-
brational excitation. They play a very important role in
many gas-phase phenomena [4]. Low-energy dissociative
electron attachment is also known to cause single-strand
breaks in DNA [5]. There is a lot of similarity between
the interactions of low-energy electrons and positrons with
atoms and molecules. This interaction is dominated by
long-range polarisation attraction, and is capable of sup-
porting bound states. In both cases, attachment is ac-
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companied by excitation of the molecular nuclear motion.
From this point of view, understanding positron annihila-
tion sheds light on general features of low-energy attach-
ment processes.

At the fundamental level, the positron is the simplest
and most abundant piece of antimatter. It is the first an-
tiparticle to ever have been discovered, first “at the tip
of a pen” by Dirac, as a solution of the relativistic wave
equation for the electron [6], and then experimentally in
the cosmic rays by Anderson [7].

On the practical side, owing to their unique annihi-
lation gamma quanta signal, positrons make an excellent
probe. Besides their use in PET for studying structures
and processes in living organisms, they find very wide ap-
plication in various kinds of condensed phase spectroscopy.
By studying positron lifetimes and spectra of annihilation
gamma rays, one can obtain information about the shape
of the Fermi surface, concentration and types of dopants
or defects, porosity, phase transitions in microvoids, etc.
By using positron beams of varying energy, one can probe
surfaces and perform depth profiling [8]. Annihilation sig-
nal of 511 keV gamma rays also tells us about copious
production of positrons near the centre of our galaxy [9].

To fully utilise the information contained in the annihi-
lation gamma signal, one needs to understand the details
of the positron annihilation process. The basic electron-
positron annihilation event is described by quantum elec-
trodynamics. In the non-relativistic Born approximation
the annihilation cross section averaged over the direc-
tions of electron and positron spins, is given by (see, e.g.,
Ref. [10])

σ2γ = πr2
0
c

v
, (1)
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where v is their relative velocity, c is the speed of light, and
r0 is the classical electron radius defined by e2/r0 = mc2,
e and m being the electron charge and mass1.

Estimating (1) and making use of atomic units (where
m = |e| = ! = 1 and c = α−1 ≈ 137) we see that the
annihilation cross section, σ2γ ∼ 10−8c/v a.u., is small,
even if the velocity is low, e.g., atomic-sized, v ! 1 a.u.,
or thermal, v ∼ 0.05 a.u. at room temperature. When a
fast positron, e.g., that emitted in a β+ radioactive decay
with an energy of ∼ 1 MeV, interacts with atomic matter,
it undergoes a quick succession of inelastic collisions which
have larger cross sections. It loses its energy, first due to
ionisation, then electronic excitation, and then vibrational
excitation in molecular media, or phonon emission in crys-
talline solids. As a result, the positron will typically slow
down to eV or thermal energies (25 meV for T = 300 K)
before annihilation.

In this work we are concerned with elementary anni-
hilation events in binary encounters between the positron
and an atom or molecule, such as those that take place in
a gas. The low-energy positron annihilation rate in a gas,
λ, is usually written in terms of a dimensionless parameter
Zeff [11], defined by

λ = σavn ≡ πr2
0cnZeff , (2)

where σa is the annihilation cross section, v is the positron
velocity, and n is the number density of the gas. Compar-
ing equations (1) and (2), we see that Zeff can be inter-
preted as an effective number of electrons per atom or
molecule, that contribute to annihilation.

Theoretically, Zeff is given by the electron-positron
contact density2,

Zeff =
∫ Z∑

i=1

δ(r − ri)|Ψk(r1, . . . , rZ , r)|2dr1 . . . drZdr,

(3)
where r and ri are the coordinates of the positron and
ith electron, respectively, and Ψk(r1, . . . , rZ , r) is the total
wavefunction of the system, which describes scattering of
the positron with initial momentum k from an atom or
molecule. It is normalised to the incident positron plane
wave, so that when the positron is outside the target, one
has

Ψk(r1, . . . , rZ , r) % Φ0(r1, . . . , rZ)
[
eik·r + fkk′

eikr

r

]
,

(4)
where Φ0 is the initial target state (usually taken to be
its ground state), and fkk′ is the scattering amplitude for

1 This cross section describes two-photon annihilation al-
lowed when the total spin of the electron-positron pair, S, is
zero. For S = 1 the electron and positron annihilate into three
photons. The spin-averaged cross section of three-photon an-
nihilation is 400 times smaller: σ3γ = [4(π2 − 9)/3]αr2

0(c/v),
where α = e2/!c ≈ 1/137 [10].

2 In the nonrelativistic picture, annihilation takes place at a
point, and the annihilation rate is proportional to the electron
density at the positron, cf. calculation of the positronium (Ps)
lifetime in [10].

Table 1. Annihilation parameter Zeff at room temperature
and estimated and measured positron binding energies |ε0| for
alkanes.

Binding energy (meV)

Molecule Zeff Est.c Exp.d

CH4 142a − −
C2H6 660b − "0
C3H8 3 500b 22 10
C4H10 11 300 42 35
C5H12 37 800 65 60
C6H14 120 000 90 80
C7H16 242 000 103 105
C8H18 585 000 122 115
C9H20 643 000 − 145
C10H22 728 000 − −
C12H26 1 780 000 − 220
C16H34 2 230 000 − 310

a Reference [16].
b Reference [15]; the rest are measurements in the positron
trap [18].
c Values chosen to reproduce thermal Zeff from equation (15).
d Obtained from the downshifts of the C–H mode resonances
in Zeff [19–22].

the final positron momentum k′. In positron-molecule col-
lisions, the wavefunction Ψk also depends on the nuclear
coordinates, and they must be integrated over in equa-
tion (3).

Originally, Zeff was introduced in an expectation that
the annihilation rate would be comparable to the number
of target electrons, Z. Indeed, if one neglects the inter-
action between the positron and the target and assumes
that Ψk is equal to the right-hand side of equation (4)
with fkk′ = 0, then equation (3) yields Zeff = Z. How-
ever, early experiments [12–14] and later systematic stud-
ies [15–18] found that for many polyatomic molecules Zeff

exceeded Z by orders of magnitude. These measurements
were done under equilibrium conditions with thermalised
positrons, mostly at room temperature. They uncovered
rapid growth of Zeff with molecular size and very strong
chemical sensitivity, as illustrated by Tables 1 and 2.

For the alkanes listed in Table 1, the number of elec-
trons increases linearly with the molecular size, while Zeff

increases exponentially. On the other hand, when all the
hydrogens in a molecule are replaced with fluorines (each
of which has nine electrons), the molecular Zeff actually
drops! For example, Zeff = 54.4, 152, 317, 630 and 1064 for
perfluorinated molecules with n = 1, 2, 3, 6 and 8 carbon
atoms, respectively. In contrast, heavier halogen substi-
tutes increase the annihilation rate, e.g., Zeff = 9 530 for
CCl4, 39 800 for CBr4, and 68 600 for C2Cl6. A compre-
hensive study by Iwata et al. [18] reported Zeff data for
many other small and large polyatomics, with the highest
Zeff = 4.33 × 106 for antracene, C14H10, and 7.56 × 106

for the sebasic acid dimethyl ester, C12H2204.
A striking example of chemical sensitivity is provided

by benzene and its derivatives. Here replacing a single
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Table 2. Annihilation parameter Zeff at room temperature for
benzene C6H6 and substituted benzenes C6H5X, reference [18].

Substituted atom or group X
C6H6 D F Cl Br CH3 NO2

Zeff/103 15 36.9 34 72.3 172 190 430

hydrogen with another atom or a small group leads to
great changes in Zeff , Table 2. None of the effects illus-
trated by Tables 1 and 2 can be understood by regarding
molecules as mere “clumps” of Zeff ∼ Z electrons.

In spite of the gross discrepancy between experimental
data and näıve view of Zeff , the problem remained poorly
understood for decades. Explanations of high molecular
Zeff were sought in terms of positron virtual or weakly
bound states [23], resonances [24,25], or long-lived vibra-
tionally excited positron-molecule complexes [17]. All of
these have now become part of the comprehensive pic-
ture that is emerging thanks to a concerted effort from
theory [26–28] and energy-resolved annihilation measure-
ments [19–22]. In particular, these experiments yielded
first direct evidence of positron-molecule binding which
manifested itself through downshifts of the vibrational
resonances. At the same time, calculations of positron-
molecule annihilation, which neglected molecular vibra-
tions, failed to reproduce “anomalous” Zeff for poly-
atomics [29,30], but provided some indication that Zeff

might depend on the molecular geometry [31].
In this work we review the basic mechanisms of

positron annihilation in molecules. In Section 2.2 we anal-
yse the possible role of vibrationally inelastic positron es-
cape in moderating the grown of Zeff with molecular size.
In Section 3 the role of vibrational mode-based doorway
resonances is clarified, and an effective number of mul-
timode vibrational resonances per doorway is estimated
by comparison with experiment. Section 4 presents the
results of improved modelling of positron binding to alka-
nes, including a close prediction of the second positron
bound state. Finally, in Section 5 molecular fragmentation
following annihilation is addressed. We propose that dif-
ferent positron localisation in the first and second bound
states may lead to distinct molecular fragmentation pat-
terns in these two cases.

2 Annihilation mechanisms

Positron annihilation in binary collisions can be under-
stood in terms of two basic mechanisms, direct and res-
onant [26,27]. The first one operates for both atoms and
molecules, and involves positron annihilation in flight, as
it is passing the target. It is enhanced if the positron
possesses a virtual of weakly bound level close to zero
energy [23,32]. However, this enhancement is limited to
Zeff ! 103 for room-temperature or higher positron ener-
gies (see Sect. 2.1).

Understanding the role and size of positron-atom at-
traction for noble-gas atoms [32,33] led to the discov-

ery that many neutral atoms support positron bound
states [34,35]. This was a strong indicator that many
molecules should also be capable of forming bound states
with the positron3. Such binding gives rise to the resonant
annihilation mechanism, in which the positron is tem-
porarily captured into the bound state. During capture
the positron transfers its excess energy (kinetic + bind-
ing) into the vibrational motion of the molecule, forming
vibrational Feshbach resonances (VFR). For the capture
to be effective, this energy must lie in the range of molec-
ular vibrational modes (few tenths of eV), as this turns
out to be the case for many species. In this mechanism,
Zeff is proportional to the density of molecular vibrational
spectrum, which can be very large in polyatomics (see
Sect. 2.2).

2.1 Direct annihilation

To understand the origin and size of enhancement in direct
annihilation, consider the total wavefunction in the form
(4). The second term in the square brackets represents
the positron scattered wave. At low positron momenta,
kR ' 1, where R is the mean radius of the target, the
scattering is dominated by the zero positron angular mo-
mentum and fkk′ can be replaced by the s-wave scattering
amplitude f0. It is known that f0 can exceed the geomet-
rical size of the target (|f0| ( R) when the system has a
weakly bound or virtual level [37]. In this case, the wave-
function is enhanced in the vicinity of the target, leading
to enhanced annihilation rates [23,32].

To evaluate the corresponding Zeff , note that in the in-
tegral (3) the positron coordinate r is at or inside the tar-
get, i.e., where the electrons are. Nonetheless, one can use
equation (4) to estimate Zeff by assuming that positrons
annihilate on the surface surrounding the target atom or
molecule4. Hence, one obtains

Z(dir)
eff % 4πρeδR|f0|2, (5)

where ρe is the electron density in the annihilation range
(possibly enhanced by short-range electron-positron cor-
relations), and δR is the range of distances where the
positron annihilates [26]. Note that at low momenta the
elastic cross section is also dominated by the s-wave con-
tribution, σel % 4π|f0|2. Hence, for |f0| ( R, both Zeff

and σel are enhanced.
Equation (5) allows one to estimate Zeff due to direct

annihilation. The factor 4πρeδR ≡ F in (5) should be close
to unity in atomic units5. At low momenta the scattering

3 To date, quantum-chemistry calculations of positron bind-
ing have only been done for strongly polar molecules, where
binding is guaranteed by the long-range dipole interaction, see,
e.g., reference [36] and references therein.

4 In fact, strong repulsion from the nuclei does prevent the
positron from penetrating deep into the target.

5 For example, for the simplest electron-positron bound sys-
tem, positronium, in the ground state, Ps(1s), ρe ∼ ρPs =
1/8π a.u., and using δR ∼ 1 a.u. one has F ∼ 0.5 a.u.
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amplitude can be written as f0 = −1/(κ+ ik), where the
small parameter κ is related to the energy of the virtual
(κ < 0) or bound (κ > 0) state, ε0 = ±κ2/2 [37]. Hence,
Z(dir)

eff is given by

Z(dir)
eff % F

κ2 + k2
. (6)

This equation shows that at zero positron energy Z(dir)
eff

can be made arbitrarily large by choosing ever smaller κ.
However, for finite momenta the maximal possible values
of Z(dir)

eff are limited, e.g., for room temperature positrons,
k ∼ 0.05 a.u.,

Z(dir)
eff ! 103. (7)

This means that relatively large values of Zeff can still be
understood in terms of the direct annihilation mechanism
enhanced by the presence of a low-lying virtual or weakly-
bound positron state. In particular, this explains thermal
Zeff = 26.7, 65.7 and 401 observed for the heavier noble
gases, Ar, Kr and Xe, respectively [32,33]. On the other
hand, explaining room-temperature values of Zeff > 103

requires a different mechanism.
If the positron forms a bound state with the target,

its total wavefunction, for the positron outside the target,
can be written similarly to equation (4), as

Ψ0(r1, . . . , rZ , r) % Φ0(r1, . . . , rZ)
A

r
e−κr, (8)

where A is the asymptotic normalisation constant. For
a weakly bound state (κR ' 1) the positron exponent
in (8) is very diffuse. The main contribution to the nor-
malisation integral

∫
|Ψ0|2dr1 . . . drZdr = 1, comes from

large positron distances where (8) is valid, which yields
A =

√
κ/2π. Hence, we can estimate the annihilation rate

in the bound state (cf. Eqs. (2) and (3)),

Γ a = πr2
0c

∫ Z∑

i=1

δ(r−ri)|Ψ0(r1, . . . , rZ , r)|2dr1 . . . drZdr ,

(9)
using equation (8) in a way similar to the above estimate
of Z(dir)

eff :

Γ a % πr2
0c 4πρeδR|A|2 = πr2

0cF
κ

2π
. (10)

This equation shows that Γ a is proportional to κ, i.e.,
positron states with larger binding energies have greater
annihilation rates [27,38]. A fit of the annihilation rates for
a number of positron-atom bound states by equation (10)
confirms this dependence and yields F ≈ 0.66 a.u. [27].

2.2 Resonant annihilation

Resonant annihilation occurs in molecules capable of bind-
ing the positron. To be captured into a bound state, the
positron energy must be absorbed by a vibrational excita-
tion of the positron-molecule complex. This gives rise to

a VFR at the incident positron energy ε = Eν + ε0, where
Eν is the vibrational excitation energy of the complex,
and ε0 < 0 is the positron bound state energy.

The resonant contribution to the annihilation cross
section can be written using the Breit-Wigner formalism
as a sum over the resonances [27,28,37],

σa =
π

k2

∑

ν

gνΓ a
ν Γ

e
ν

(ε− Eν − ε0)2 + 1
4Γ

2
ν

, (11)

where Γ a
ν , Γ e

ν , and Γν are the annihilation, elastic and to-
tal widths of νth resonance, and gν is its degeneracy. The
annihilation width is proportional to the electron-positron
contact density ρep in the positron bound state and
is practically independent of the vibrational excitation,
Γ a

ν = Γ a = πr2
0cρep, where ρep % (F/2π)κ for a weakly

bound state, cf. equations (9) and (10). Besides annihila-
tion and elastic escape, the total width, Γν = Γ a

ν +Γ e
ν +Γ i

ν ,
may contain the contribution of positron inelastic escape,
Γ i

ν , i.e., that accompanied by vibrational excitation of the
target, allowed for all vibrational excitations with energies
below the incident positron energy ε = k2/2.

From equations (2) and (11), the resonant Zeff is given
by

Z(res)
eff =

π

k
ρep

∑

ν

gνΓ e
ν

(ε− Eν − ε0)2 + 1
4Γ

2
ν

. (12)

This equation can be compared directly with experiment
if one knows the energies and widths of the resonances.
To date, this has only been possible for a number of small
polyatomics, namely methyl halides, methanol [39,40] and
ethanol [41]. In these molecules all vibrational modes are
infrared active, which enables one to evaluate their elastic
widths using the dipole approximation. In methyl halides
one can further assume that only mode-based VFR con-
tribute to the sum in equation (12), and use Eν = ων ,
where ων are the mode frequencies. The only free param-
eter in this theory is the positron binding energy |ε0|,
which determines the downshift of the resonances, and
affects the magnitude of Z(res)

eff through ρep ∝ κ. Averag-
ing Z(res)

eff over the positron beam energy distribution and
choosing ε0 to fit the measured Zeff , one obtains a very
good agreement with experiment for CH3F, CH3Cl, and
CH3Br [39]. Theory can then make predictions for their
deuterated analogs, which are expected to have the same
binding energies [40].

The number of vibrational modes in a molecule is
3N − 6, where N is the number of atoms. Hence, the con-
tribution of mode-based VFR to Zeff increases linearly
with the size of the molecule. Experimental Zeff show a
much faster increase, see, e.g., Table 1. This means that
in large polyatomics positron capture leads to excitation
of vibrational combinations and overtones. Due to large
vibrational spectrum densities, the spacing between the
multimode VFRs is much smaller than the positron energy
spread. This means that equation (12) must be averaged
over an energy interval containing many such resonances.
This yields

Zeff =
2π2ρep

k

Γ e(ε)
Γ (ε)

ρ(ε + |ε0|), (13)
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where Γ e(ε) and Γ (ε) are the average elastic and total
widths at the energy ε and ρ(ε + |ε0|) is the total level
density of the positron-molecule vibrational excitations.
Note that from now on we omit the superscript “(res)”
from Zeff , since for the molecules of interest, the resonant
contribution is much greater than the direct one.

Using equation (9), one can check that the annihila-
tion widths are very small, e.g., for a binding energy of
0.1 eV one obtains Γ a ∼ 0.3 µeV. The elastic width is
determined by positron coupling to molecular vibrations.
Assuming that it is greater than Γ a (which is true at least
for some small polyatomics, such as methyl halides [39]),
and neglecting inelastic escape, one has Γ ≈ Γ e. After
this equation (13) yields a simple estimate:

Zeff ≈ 2π2ρep

k
ρ(ε + |ε0|). (14)

In this approximation the resonant contribution to Zeff is
basically determined by the vibrational spectrum density
of the molecule [26,27].

The total vibrational density is easy to compute in the
harmonic approximation, Eν =

∑
k nkωk, where the sum

is over the modes, nk are non-negative integers, and ωk are
the molecular mode frequencies6. For many species the lat-
ter are known from experiment [42], or can be evaluated
by quantum chemistry packages, such as Q-Chem [43].
However, equation (14) predicts a much faster growth of
Zeff with molecular size [28] than that seen in Table 1,
as the density increases sharply with the number of vi-
brational degrees of freedom. Consequently, the assump-
tion that Γ e/Γ ≈ 1 is incorrect for such polyatomics, and
we have Γ e/Γ ' 1. This can have two possible physi-
cal explanations. First, positrons may have a very weak
coupling to multimode VFR, making their elastic widths
small compared to the annihilation width, Γ e ' Γ a. Such
resonances will then be effectively decoupled from the
positron continuum. Alternatively, the ratio Γ e/Γ can be
suppressed for multimode VFRs because of the contribu-
tion of vibrationally inelastic escape channels to Γ .

Let us evaluate the latter effect first. Here we also take
into account that the target molecule may be in an excited
initial state. For a molecule with initial vibrational energy
Ev, the number of open vibrational positron escape chan-
nels is N(ε + Ev) =

∫ ε+Ev

0 ρ(E)dE. If the partial width
associated with each of these channels is comparable to
Γ e, one will have Γ e/Γ ≈ 1/N(ε+Ev), giving the follow-
ing approximation for equation (13):

Zeff ≈ 2π2ρep

k

ρ(ε + Ev + |ε0|)
N(ε + Ev)

. (15)

For a given molecule this expression contains only one
free parameter, namely, the positron binding energy |ε0|.
We average equation (15) over the initial target states
with Boltzmann weights exp(−Ev/kBT ) and Maxwellian

6 We assume that the vibrational spectrum of the weakly
bound positron-molecule complex is the same as that of the
neutral molecule.
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Fig. 1. (Color online) Experimental Zeff measured with ther-
mal positrons at room temperature (diamonds, values in
Tab. 1) and calculated as a function of positron energy from
equation (15) (solid curves), using ε0 as an adjustable param-
eter to reproduce thermal Zeff .

positron energy distribution, and choose |ε0| to reproduce
experimental room-temperature Zeff for alkanes with 3–8
carbons7. The corresponding estimates of the binding en-
ergies are given in Table 1. They are in good overall agree-
ment with those inferred from the energy-resolved studies
of Zeff (see below).

With ε0 values thus fixed, equation (15) can be used to
predict the dependence of Zeff on the positron energy for
room-T targets. It produces fairly unremarkable curves
shown in Figure 1. Their monotonic decrease is directly
related to the rapid increase of N(ε+ Ev) in the denomi-
nator of equation (15).

As mentioned above, most of the experimental progress
in recent years has been due a trap-based positron beam
with a narrow (∼25 meV) energy spread, built by the
group of Surko at UCSD [44]. This development truly
revolutionised positron annihilation studies by enabling
energy-resolved measurements of Zeff . Among the first re-
sults was the observation of a striking resonant structure
in Zeff shown in Figure 2, in sharp contrast with the pre-
dictions of equation (15).

Experimentalists immediately identified the prominent
high-energy peak with resonant excitation of the C–H
stretch modes [19], whose frequency in the alkanes is
0.37 eV. Its systematic downshift, seen clearly in Fig-
ure 2, is the measure of the positron-molecule binding
energy which increases with molecular size (Tab. 1, last

7 The frequencies of lowest carbon backbone modes for heav-
ier alkanes obtained from Q-Chem contain large uncertainties.
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Fig. 2. (Color online) Experimental Zeff measured with ther-
mal positrons at room temperature (diamonds, values in
Tab. 1) and calculated as a function of positron energy from
equation (15) (solid curves), using ε0 as an adjustable parame-
ter to reproduce thermal Zeff . Solid circles show Zeff measured
as a function of positron energy [19,20]. For the alkanes larger
than butane, Zeff have been multiplied by powers of 10 for
clarity.

column). Figure 2 makes it obvious that the simple model
which assumes that all (elastic and inelastic) vibrational
escape widths are comparable, equation (15), is incorrect.
Nonetheless, it produces meaningful binding energies for
alkanes and yields Zeff that scale correctly with molecular
size.

A careful comparison of energy-resolved and thermal
annihilation data was performed in reference [22]. It used
the fact that Zeff ∝

√
|ε0|/ε, and proved that the energy-

resolved Zeff are in close agreement with the earlier ther-
mal measurements. This confirms that all enhanced Zeff

in polatomics have a common vibrational origin. Exper-
iment also provides indirect evidence against the impor-
tance of inelastic escape in alkanes [22,45]. They contrast
with molecules in which one or two hydrogens are replaced
by fluorines, and which likely show significant inelastic
escape via excitation of the C–F stretch mode. Overall,
our current understanding of the vibrational dynamics in
positron-molecule complexes is at best incomplete.

3 Vibrational Feshbach resonances
and doorways

As we have seen above, the energy dependence of en-
hanced Zeff in polyatomics displays resonant structures
that correlate with the spectra of fundamental vibra-
tions [20–22]. Besides the prominent C–H stretch peak,
lower-energy peaks can be identified with softer modes,
i.e., bending and others. The vibrational nature of the
peaks is further elucidated by studies of deuterated
molecules [19,20,22,45]. Their electronic properties are
nearly identical to those of the protonated ones. In par-
ticular, the positron binding energy of the protonated and
deuterated species are very close. On the other hand, a fac-
tor of two change in the hydrogen nucleus mass changes
the vibrational mode frequencies by up to 1.4 times
(square root of the C–H bond reduced mass ratio). This
results in a characteristic scaling of the energies of the res-
onant peaks, additional to the downshifts due to binding.

By examining peak shifts and using deuterated
species as an extra check when needed, experimental-
ists have now established positron binding energies for
over 20 molecules. Their values range from ∼1 meV for
small polyatomics, such as CH3F and methanol, to tens
of meV for heavier methyl halides and ethanol [21,39–41]
and alkanes with 3–4 carbons, to 150 meV for benzene
and 175 meV for chlorohexane, to 300 and 310 meV for
naphthalene and hexadecane, respectively [22]. Experi-
mentalists also identified additional Zeff peaks in dodecane
and heavier alkanes, which they ascribed to positronically-
excited bound states (see Sect. 4).

While extremely useful and informative, the observed
resonant structure in Zeff also poses a serious ques-
tion. The energy dependence of Zeff looks as though the
positron is captured by simple VFRs involving the fun-
damentals. On the other hand, the magnitude of Zeff in-
creases much faster than the number of modes, 3N − 6.
This can only be explained by assuming that positron cap-
ture is accompanied by multimode vibrational excitations,
leading to a much larger density of VFR. Observations of
the mode-like energy dependence and fast growth of Zeff

can be reconciled in a two-step model of positron capture,
which involves the idea of mode-based vibrational doorway
resonances [28]. This term originates from nuclear physics,
where it means ‘a metastable state formed in the initial
state of the reaction’, which ‘may decay partly into the
open channels (direct reactions), and partly through the
coupling to the internal degrees of freedom’ [46].

In this scheme, the positron first forms a bound state
with the molecule, by transferring its excess energy to a
near-resonant fundamental with energy ωn ≈ ε− ε0. This
simple doorway state of the positron-molecule complex is
embedded in the dense spectrum of multimode vibrations.
Due to vibrational state mixing caused by anharmonic
corrections (e.g., the anharmonicity of the molecular po-
tential energy surface), the doorway state then decays or
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“spreads” into multimode vibrational states8. Such decay
takes place on a time scale τ ∼ 1/Γspr, where Γspr is known
as the spreading width.

To link the multimode VFR and doorway state reso-
nance pictures together, consider the golden-rule pertur-
bative expression for the positron elastic width,

Γ e
ν = 2π|〈Ψν |V |0, ε〉|2, (16)

where |0, ε〉 describes positron incident on the ground-
state molecule, and V is the coupling between the incident
positron and excited multimode eigenstate of the positron-
molecule complex, |Ψν〉. The latter can be written as a
linear combination

|Ψν〉 =
∑

i

C(ν)
i |Φi〉, (17)

of some harmonic vibrational basis states |Φi〉.
Let us assume that of all |Φi〉, only those which de-

scribe ‘bound positron + single-mode excitation’, |n, ε0〉,
where n indicates the mode, are coupled to |0, ε〉. The
coefficients C(ν)

i describe mixing of this state with the
multimode eigenstates ν (i.e., its spreading), and can be
approximated by a Breit-Wigner shape,

|C(ν)
i |2 ∝

Γ 2
spr/4

(Eν − Ei)2 + Γ 2
spr/4

, (18)

subject to normalisation
∑

i |C
(ν)
i |2 = 1. Here Eν and Ei

are the energies of the eigen- and basis states, respectively,
and Ei = ωn + ε0 for |Φi〉 = |n, ε0〉.

Using equations (13), (16), (17) and (18) (see [48] for
the details of a similar derivation), one obtains Zeff aver-
aged over the energy on the scale of closely spaced VFRs,

Zeff =
2π2ρep

k

Γspr

2πΓ (ε)

∑

n

Γ e
n

(ε− ωn − ε0)2 + 1
4Γ

2
spr

, (19)

where Γ e
n = 2π|〈n, ε0|V |0, ε〉|2. Note that equation (19)

has the same structure as the original Breit-Wigner for-
mula (12), except that (19) contains the elastic widths of
the mode-based doorways, Γ e

n, and the sum is over the
modes.

Each of the Breit-Wigner profiles in (19) has a unit
area, and for small Γspr, is equivalent to a δ-function,

1
2π

Γspr

(ε− ωn − ε0)2 + 1
4Γ

2
spr

% δ(ε− ωn − ε0).

To compare with experiment, the delta-peaks must be con-
volved with the positron beam energy distribution, which
determines the observed shapes of the resonances [39].
The integral contribution of each mode in equation (19)

8 This process is usually termed intramolecular vibrational
energy redistribution (IVR). This is one of the paradigms of
molecular reaction theories, that has been probed experimen-
tally by other means, e.g., fluorescence [47].
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Fig. 3. (Color online) Experimental Zeff for butane, C4H10

(solid circles) and octane, C8H18 (scaled by a factor 1/50,
open circles) [20], compared with equation (19) folded with the
positron beam energy distribution [39] for Γspr % 25 meV. The
fit for butane uses |ε0| = 35 meV, Γ e

n/Γ = 7.2 for C–H stretch
modes and Γ e

n/Γ = 1.2 for the rest; for octane, |ε0| = 122 meV,
Γ e

n/Γ = 84 for C–H stretch modes and Γ e
n/Γ = 14 for the rest.

is proportional to the ratio Γ e
n/Γ (ε). In contrast, the sum

in equation (12) is over the true VFRs. Their density is
much greater than that of the modes, but the contribution
of each resonances, determined by Γ e

ν /Γν , is much smaller.
This is due to the fact that each VFR carries only a small
fraction of the elastic doorway width, Γ e

ν ' Γ e
n.

Besides explaining the energy dependence of Zeff as
due to the mode-based doorways, equation (19) also pro-
vides a new explanation of the enhanced Zeff values. The
latter are determined by three factors. With the increase
of molecular size, the electron-positron contact density in-
creases with the positron binding energy as ρep ∝ |ε0|1/2.
Experiment shows that for alkanes |ε0| grows approxi-
mately linearly, by 20 meV per monomer. The number
of terms in the sum (19) increases as the number of vi-
brational degrees of freedom, i.e., linearly. The rest of the
enhancement comes from a suppression of the total width
Γ (ε). Since the annihilation widths grows with ρep, the
latter is only possible if Γ a ' Γ . We therefore see that
the total width must be dominated by vibrationally elas-
tic and inelastic escape9. When Γ becomes comparable
to Γ a for very large molecules, the rapid growth of Zeff

saturates [22].
To illustrate the applicability of equation (19), we use

it to fit the experimental data for butane and octane [20],
as shown in Figure 3. This is done by convolving the nar-
row resonant peaks with the positron beam energy distri-
bution, see reference [39]. We use |ε0| = 35 and 122 meV,

9 Evidence based on VFR of the second positronically excited
bound state and some other trends in molecular Zeff appear
to speak against vibrationally-inelastic escape [22]. However,
singly- and doubly-fluorinated alkane provide striking evidence
of the importance of this process which leads to a strong sup-
pression of the C–H peak.
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for the binding energies of the two species. The remain-
ing unknown parameter is the ratio Γ e

n/Γ (ε). Given the
difference between the C–H stretch and low-energy mode
peaks, we use two values for these groups of modes, the
former six times greater than the latter (see caption of
Fig. 3). The ratios Γ e

n/Γ for octane, whose Zeff is about
50 time greater than that of butane, are approximately
12 times larger than for butane. This reflects a greater
degree of mixing between multimode VFR in the larger
molecule.

Concluding this section, we must emphasize that in
spite of the good look of the fits in Figure 3, the de-
tails of IVR that accompanies positron capture remain
unclear. The amount of vibrational energy transferred to
the molecule in this process can be quite low (e.g., for ther-
mal 300 K positrons). However, room-temperature Zeff

and their values at the vibrational peaks are in complete
accord [22]. In principle, for large molecules one may also
need to take into account their significant thermal energy
content. The only data available to date are for pentane
and heptane [49]. In these molecules lowering the gas tem-
perature by a factor of two results in a small growth of
Zeff at low positron energy and almost no change at the
C–H peak. We hope that the information contained in
the positron annihilation signal will soon allow one to un-
derstand such details. No doubt, this would be useful for
a better understanding of similar processes for electron-
induced VFRs [50].

4 Positron binding

In Section 2.2 we used thermal Zeff to obtain estimates of
the positron binding energies for alkanes, and compared
them with the values found experimentally (Tab. 1). In
fact, nearly all information on positron-molecule binding
comes from the energy-resolved Zeff measurements.

Calculation of positron binding is a nontrivial task.
The electrostatic interaction between positrons and neu-
tral atoms or molecules (without large dipole moments) is
dominated by nuclear repulsion. At large positron-target
separations, the electric field of the positron polarises the
neutral, which gives rise to the −αe2/2r4 attractive po-
tential, α being the atomic or molecular dipole polar-
isability. At short range, an additional interaction due
virtual positronium formation, akin to covalent bonding,
increases the overall attraction [34]. Together with polari-
sation, they overcome the static repulsion at low positron
energies, and enable the formation of virtual levels or even
bound states.

To describe the positron interaction with a neutral,
one must be able to include both long- and short-range
correlation effects. So far, reliable calculations of positron
bound states have been done for about ten atoms [35] and
a few strongly polar molecules [36]. Good-quality ab ini-
tio calculations of positron binding to alkanes and similar
large molecules currently appear to be out of reach.

In this situation we proposed that the problem of bind-
ing can be usefully explored using zero-range potentials
(ZRP) [51]. ZRP is probably the simplest form of a model
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Fig. 4. (Color online) Positron binding energies for alkanes
determined from experiment (crosses, see Tab. 1) and calcu-
lated using the ZRP model (circles). The parameter of the ZRP
model is chosen to reproduce ε0 = −220 meV for dodecane.

potential. It is especially suited for studying low-energy
processes [52]. The main idea of a model potential ap-
proach is to fix the parameters of the interaction by com-
parison with experimental data, e.g., the binding energy
of a given molecule, and then use this potential to study
binding for a whole range of similar molecules.

In the ZRP method, the bound-state wavefunction of
the positron in the field of N centres placed at Ri has the
form [52],

Ψ =
N∑

i=1

Ai
e−κ|r−Ri|

|r − Ri|
, (20)

where κ > 0 is related to the bound-state energy by ε0 =
−κ2/2. The interaction with each centre is parametrised
by κ0i, through the boundary condition,

Ψ |r→Ri % const ×
(

1
|r − Ri|

− κ0i

)
. (21)

Subjecting Ψ from (20) to N conditions (21) yields a set
of linear homogeneous equations for Ai, whose solvability
determines the allowed values of κ.

We model alkanes, CnH2n+2, by a planar zig-zag chain
of n ZRPs, each representing the CH3 or CH2 group. The
distance between the neighbouring ZRPs is given by the
length of the C–C bond, i.e., 2.911 a.u., and the angle
between adjacent bonds is equal to 113◦. We choose κ0i =
−0.6915 a.u. for all i, to reproduce the binding energy for
dodecane (n = 12): ε0 = −220 meV10. In Figure 4 the
results of our calculations for all alkanes up to n = 16 are
compared with the experimental binding energies inferred
from the C–H peak shifts, Table 1.
10 In reference [51] we used κ0i = −0.52 a.u., to fit the binding
energy of propane (n = 3), the smallest firmly established for
alkanes. This resulted in a factor-of-two overestimation of the
binding energies for all n ≥ 4.
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Figure 4 shows that the model gives a good overall
description of binding, although it predicts that the sys-
tem for n = 3 is unbound. The model predicts that a 2nd
bound state emerges for n = 13, while the experiment
observes this state for dodecane already [21,22]. This dif-
ference aside, the calculation gives an excellent description
of the 2nd bound state energy.

To visualise the bound states, we calculate the two-
dimensional density

ρ(x, y) =
∫ +∞

−∞
|Ψ(x, y, z)|2dz, (22)

where x and y are in the plane containing the carbon
chain. The densities for the 1st and 2nd bound states in
tetradecane (n = 14) are shown in Figure 5. Both states
are quite diffuse, with the positron spread all over the
molecule. Note that since the wavefunction of the 2nd
bound state is orthogonal to that of the ground state,
it changes sign somewhere on the surface separating the
two ends of the molecule. On the density plot, this corre-
sponds to an area of low density near the middle of the
molecule.

5 Annihilation spectra and fragmentation

There are other important and interesting phenomena re-
lated to positron-molecule annihilation. Experiments with
positrons in a trap enabled accurate measurements of the
annihilation γ spectra for a large number of large poly-
atomics [53]. For low-energy positrons the Doppler broad-
ening of the 511 keV line is mostly due to the velocity
distribution of the bound electrons on which the positron
annihilates. Hence, the shapes of the γ spectra can be used
to characterise the electron orbitals involved. For example,
annihilation with faster electrons in C–F bonds produces
much broader spectra than annihilation with C–H elec-
trons. Using this difference, experimentalists analysed the
annihilation spectra of partially fluorinated hydrocarbons
in terms of a linear combination of the C–F and C–H
spectra, and deduced the fraction of annihilation events
involving the fluorine electrons. An important conclusion
of that study was that annihilation on any valence or near-
valence electron is equally probable, i.e., that the positron
wave function is not localised on any particular site of the
molecule. (This could be expected when annihilation takes
place in diffuse bound states, like those shown in Fig. 5.)

Another phenomenon is the ionisation and fragmen-
tation of molecules following annihilation. It takes place
when the positron energy is below the Ps-formation
threshold11. The first study of this kind, reference [54],

11 Positrons with energies ε > I − |E1s|, where I is the ion-
isation potential of the molecule, and E1s = −6.8 eV is the
ground-state energy of Ps, can ionise molecules by forming Ps,
which subsequently annihilates.
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Fig. 5. Two-dimensional density of the positron wavefunctions
in the ZRP model for the 1st (top) and 2nd (bottom) bound
states in tetradecane. In the plots, the C–C bonds are alter-
nately parallel and at 67◦ degrees to the x axis.

revealed that room-temperature positrons annihilating in
alkane molecules produce a broad spectrum of fragment
ions. Hulett and collaborators conducted detailed stud-
ies of many aspects of this phenomenon [55]. In particu-
lar, they showed that molecular fragmentation is strong
far below and far above the Ps-formation threshold, but
small just above it. The fragmentation patterns in the two
regimes are also quite different. Hence, positrons could be
used to selectively ionize and fragment ions, for example,
in mass spectroscopic analysis.

A new possibility of inducing selective fragmentation
is offered by the different positron density distributions
in the 1st and 2nd bound states (Fig. 5). Annihilation in
VFRs involving the positron ground state will remove elec-
trons predominantly from the bonds around the centre of
the molecule. This can favour near-equal-mass fragmen-
tation. On the other hand, in the resonances involving
positronically excited bound states, the electrons in the
bonds near to the two extremes are likely to be annihi-
lated. This can prompt a more asymmetric fragmentation.
At present the only model of sub-Ps-threshold fragmenta-
tion is that developed by Crawford [56]. Its key element is
the understanding that by annihilating with electrons in
the lower valence orbitals, the positron can deposit sub-
stantial amounts of energy in the molecule.
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6 Summary

Positron annihilation in molecules is a fascinating prob-
lem at the interface of quantum electrodynamics, atomic
physics, chemistry, and medical and technological appli-
cations. Its main feature is the very large positron anni-
hilation rates in many polyatomics such as alkanes and
their substitutes12. It can be explained by positron cap-
ture into vibrational Feshbach resonances. At the physical
level, such capture means that the positrons are held by
the molecules for long periods of time, which enhances the
annihilation probability.

A detailed understanding of the annihilation process
requires calculations of positron binding and annihila-
tion rates in the bound states, evaluation of the positron
coupling to molecular vibrations, understanding the role
of mode-based vibrational doorways, and their spreading
into complex multimode vibrations (i.e., IVR). Some of
these questions, such as IVR, are important in many other
contexts, e.g., in chemical reactions and electron-molecule
collisions. Viewing positron annihilation as a probe, one
can hope that it will shed light on these problems too.

Finally, the abundance of positrons and diversity of
their uses, from cosmic problems [9] to novel cancer
treatment techniques, such as positherapy [3] make the
positron annihilation problem relevant in many contigu-
ous areas.

The authors are grateful to C.M. Surko and J.A. Young for
extremely useful and stimulating discussions.
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