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Effect of a finite-energy spread of the positron beam on the threshold behavior
of the positron annihilation cross section
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In a recent papefPhys. Rev. Lett88, 163202(2002] we established the threshold behavior of the cross
section of positron-atom annihilation into twpquanta near the positroniut®9-formation threshold. Here,
the near-threshold behavior of the positroy @nnihilation cross section and its relation to the ortho-Ps-
formation cross section are determined. We also analyze the feasibility of observing these effects by examining
the effect of the finite-energy resolution of a positron beam on the threshold behavior.
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Threshold phenomena and threshold laws occupy a spés a result, above the Ps-formation thresholde@inihilation
cial place in atomic, nuclear, and particle physics. In generakakes over the 2 annihilation. Therefore, to account for the
they provide an analytical description of cross sections in @ffect of the tail of the positron-energy distribution we first
near-threshold energy range in many probl¢frjsvhich can  need to examine the threshold behavior of the &nihila-
otherwise only be treated numerically. tion cross section.

In a previous pap€i2], we examined the behavior of the Both the two- and three-photon annihilation cross sections
two-photon positron annihilation rate near the positronjum@re proportional to the density of the positron at each of the
(P9 formation threshold in positron-atom collisions. The target electron$6],
threshold energy is equal to the ionization potentidéss

N
than the ground-state Ps binding ene¢§¥s|=6.8 eVeinr Zeﬂ:f 2 S(H=D)|W(ry, ... ry,0)|2dry . .. drydr,
=1—|Ey4|. It was found that as the positron energyap- =1
proaches the Ps-formation threshold, the annihilation cross (1)

section exhibits a characteristic grommyoc(sthr—g)*ll% _ _
This increase is related to the contribution of virtual para-Where W(ry,...ry.r) is the full (N+1)-particle wave

L o function of theN electron coordinates; and positron coor-
po_s|tro_n|u_m b-Ps to the two-photon_ annihilation. When the dinater. The wave function is normalized to a positron plane
finite lifetime of p-Ps was taken into account the near

o i “wave at large distances,
threshold onset two-photon annihilation cross section was

found to be equal to thp-Ps formation cross section. W(ry, ... N D=Pg(ry, ... ek,
In this paper we investigate the feasibility of experimental .
verification of these predictions. Such measurements hawhere®y(ry, ... ry) is the target ground-state wave func-

become possible due to a recent development of a cold po§on, andk is the incident positron wave number. In this case
itron beam tunable over a wide energy rafgg This tool  Zeg iS a dimensionless quantity called the effective number
has already provided new data on positron scattering frondf electrons8].

atoms and moleculdgl] and unique information on the role  In terms ofZ, the two-photon and three-photon annihi-
of vibrations in positron-molecule annihilati¢]. However, lation cross sections for positrons on a multielectronic target
if this threshold behavior is to be detected experimentallyare (cf. [7])

then the finite-energy width of the positron beam

— 2
(~20 meV) must be taken into account. This energy spread 02y =71o(Clv) Zeg, 2
makes the threshold behavior difficult to detect.eAt ey, 5 5
the high-energy “tail” of the positron-energy distribution 03, =[4(7"=9)/3]ary(clv) Zef, )

will overlap the Ps-formation threshold, thus causing the an- Y ) ) .

nihilation signal to be swamped by annihilation of “real” Ps. Where a=e“/ac~1/137,r,=e /mc? is the classical elec-
Annihilation into twoy quanta takes place when the total tron radlu:'s, angb is the positron velocity. In what follows we

spin of the electron-positron pair is ze®=0. In the oppo- US€ atomic units#(=m= le|=1), so that, e.gy=k.

site caseS=1, the pair annihilates into threg quanta[6]. Equation(1) does not contain the spin variables of the

In positron-atom collisions with unpolarized particles the Particles explicitly, since we assume that the directions of the

rate of 3y annihilation is about 400 times smaller than that &/€Ctron and positron spins in the annihilating pair are ran-
of 2y annihilation [7], and it is usually neglected at dom. Alternatlvely, one needs to insert a projection oplerator
<&y,. However, at higher energies Ps formation followed©f the total spin of an electron-positron paifs=3;

by its eventual annihilation becomes the dominant annihila= (—1)°(z +s-5) [9], wheres andss are the electron- and
tion mechanism. When Ps is formed in positron-atom colli-positron-spin operators, into Eql). This procedure will
sions, the spins of the positron and electron combine statig#ield the effective number of electron-positron pairs with a
tically, which means that the probability of formingPs  given total spinzfj). It must then be used in Eq2) for S
(S=0) is %, and that of orthopositroniuno¢Ps,S=1) is3. =0, or Eq.(3) for S=1, with additional factors of 4 and 4/3
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inserted on the right-hand side, respectively. Of course, avnechanism. There the momentunis real and the integral

eraging over the spin of the incident positron yieldas) analogous to that in Eq6) diverges ag'dR.

=1—(—1)8%, followed by ZQ=Z /4 and Z{}=3Z4/4, Both defects are remedied when a finite lifetime of Ps is

thereby recovering the original formulé®)—(3). taken |.nto accounf2]. This Ilfetlme is reciprocal to the en-
The derivation of a threshold law for the three-photon®rdy WidthI™ of the Ps atom, which means that the Ps energy

annihilation is similar to that of the two-photon annihilation @cquires a small imaginary part

[2]. However, in this paper we present an alternative deriva- E. E..—il/2 )

tion which makes full use of the coordinate form of the wave s 7=1s '

function near the Ps-formation threshold. When the positroq—he widths ofp-Ps ando-Ps are determined by the rates of
is outside the target, it is given by 2y and 3y annihilation of S=0 and S=1 states, respec-
eikr) t|Ve|y [6],

\I,r""’r ’r Z(I) rl""r (elkl’+f_
(ry Nl o(ry N) r rgc _2(772_9)

==, I, o aric. 9)

. eiKR
TAD;(ry, ... 1rN)fPS?(PlS(p)1 . .
As a result, the Ps momentum now always has an imaginary

(4)  part[10],

where the second term corresponds to the outgoing Ps K=V2M(g—gyp+il12)=K'+iK", (10
formed by the positron and one of the electrons. Héreis

the wave function of the target ion left after the removal ofwhere

theith electronA is the electron antisymmetrization opera-

tor, f and fpg are the elastic scattering and Ps-formation am-
plitudes, respectively. In the Ps terR=(r;+r)/2 is the Ps

center of mass,p=r;—r is the internal Ps coordinate,
¢15(p)=(87) Pexp(-2p) is the Ps ground state wave ,,_

K'=M(JAe2+T2/4+ Ae)'?, (11
K'=\VM(JVAe?+T?/4—Ae)*?, (12)

&—&yr, andl'=I", or I’y must be used, depending on

function. . , whether we considep-Ps oro-Ps. The real and imaginary
serl\r/]a![Eigﬁ(4)’ K is the Ps momentum given by energy c:on-parts ofK are related through

e—1=K22M+E,,, (5) K'K"=MTI72, (13

and sinceK'(Ae)=K"(—Ag), one also haK'(Ag)K’
(—A&g)=MT'/2, and a similar relation foK".
Over a narrow energy randde|~T the real and imagi-

asK=+2M(e—gy), WwhereM=2 a.u. is the Ps mass. Be-
low threshold,e<ey,, the Ps momentum is imaginari

=i|K[=i2 ey —e, and the corresponding term in the wave o1y harts ofkk are comparable. This range corresponds to
function (4) decays EXpon?";ﬁflly' Close to threshold whenye ' ncertainty in the position of the threshold introduced by
K[ is small, the exponere I~ extends over a large range e finjte Ps lifetime. Beyond that{e|>T') the real part of
of distancesR~|K|"*>1. The contribution of the Ps-  gominates above threshold, while below thresheldis
formation term becomes dominant iy, almost purely imaginary.
Due to a positivK”, the Ps part of the wave functids)
ZeﬂzJ 8(p)|fpd2e 2XIRR"2|¢, (p)|2dRdp.  (6)  decreases with distance as exp('R). Below threshold this
drop is a consequence of the Ps being virtual, while above

In accord with the general threshold law thed®y, the Ps threshold the loss of the positron flux is due to annihilation
formation at threshold is dominated by the ®wave, and ©f PS. Indeed, the Ps dens,|ty is proportional to ex2K"R)
the amplitudef p remains finite and does not depend on the=8XP(-T'RV), whereV=K'/M above threshold is the Ps

Ps angle of emission. After an elementary integration on&€locity, andR/V is the time it takes the Ps to reaBhMost
obtains, importantly, this behavior ensures that the Ps contribution to

the integral(1) is now always finite,
|fpd?

8Ven—¢e ,

which means that bothr,,, and o3, display a characteristic

(eqv—e¢) Y2 increase towards the threshg]. _ 1
However, Eq(7) makes an unphysical prediction that the 167K”

annihilation cross sections are infinite in the limit ey, . It

is also clear that the above approach cannot be applied the last integral being over the Ps angles of emission. Close

calculate the annihilation rate above the Ps-formation threshto threshold where the Ps is mostly in the wave,

old, where real Ps formation is the dominant annihilationf|fpd?dQ=41]|fpd2.

L= (7)

zﬁ:famha%*wwﬂwkwwmwp (14)

[ ltedzaa, 15
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Using Egs.(2), (3), (12), and(14) we immediately obtain
expressions for the annihilation cross sections which are
valid throughout the near-threshold region,

2 2 <
mréc| fpd g
02,~= 1 721 (16) 3
Sk[—( Ae?+T5/4—Ag) 2
2 5
(m?=9)r3calfpd?
03,~ - (17

6k

1
E(\/A82+F§/4—A8)
FIG. 1. Two-photon and three-photon annihilation cross sec-

The first of these is identical to Eq1) of Ref. [2], except  ions The solid curve represents,, of Eq. (16), and the chain

we used a different amplitudéyps= — 7fps. At energies be-  curve isoy, of (17). The cross sections are calculated usfifigl
low threshold and outside the narrow positron-energy-widthe 1,78, an estimate of the Ps formation amplitude for Xe.

range,|Ae|>T (whose size is different for 2 and 3y anni-

hilation) one has whereas above the threshold the probability ef @nihila-
5 tion is three times that of 2 This behavior is illustrated in
_ mllfed 1y 9L
T2y 4K /—Sthr—S ' In order to detect the threshold behavior of the annihila-

tion cross section experimentally it is important to consider
3T | pd? how the energy distribution of the positron beam will affect
:L' (190  the threshold behavior. The true energy distribution of the
’ Ak e — € positron beam is not very well knowr.2]. In this work we
approximate it by a Gaussian distribution of the form,

03

with a characteristicdy,,— ¢) ~ 2 rise towards threshold.

Above threshold atAe|>T", Egs.(16) and(17) become e~ (6- %28
, fe)=——5— (23
02,= (1K) Ve — el fpd?, (20) 2md
o3,~(3m/K) Je—eq|fpd2. 1) wheree is the center of the distribution anglis the energy

width parameter related to the full width at half maximum by
These cross sections are equalit@nd ¢ of the total Ps-  SrwHm=26V2In2. S
formation cross section, To derive the positron annihilation signal, Eq$6) and
(17) must now be averaged over the distribution,

K
=—— | |[fpd2dQ, 22 —
7Ps MkJ'l & 22 G'(E):f o(e)f (e)de. (24

which follows from wave function(4), given the fact that ) )
f=const near the threshold. Therefore, E@9) and (21) By neglecting the 3 cross section below threshold, Eg1) _
represent the cross sections for the formatiorpd?s and which describe®-Ps formation can then be convolved with
0-Ps, which subsequently decay intey 2nd 3y, respec- 1€ Gaussian to give,
tively. This means that because of the finite Ps lifetime, there

is no real distinction between positron-atom annihilation near Py 3W\/5|fPsteX _ (e—emn)? D ( _ G_Sthr)
threshold and Ps formation. From this point of view the =37 2.2k 462 32 5 )’
equations derived are the particular cases of the problem of a (25)
threshold law for creation of an unstable particle considered

in Ref.[11]. whereD _ 5, is the parabolic cylinder functiofiL3]. For the

Of course, positrons can also annihilate with one of the2y cross section, Eq(16) must be convolved with the
electrons while they are at the target. This is the main anniGaussian numerically.
hilation mechanism when the positron energy is far below Apart from the constant contribution of the annihilation at
the threshold. Unlike the Ps contributions considered abovehe target, the annihilation signal near the Ps-formation
annihilation at the target remains constant as the positrothreshold is proportional to the squared Ps-formation ampli-
energy approaches the threshold, and its relative role beude. To put our results on an absolute scale we shall use an
comes very small above threshold where Ps formation is thestimate of the Ps-formation amplitude for Xéfpd

main annihilation mechanism. =1.78 a.u., inferred from many-body theory calculations
It is clear that below threshold as well asf&t=0, the [14]. This value is compatible with the result of coupled
2y annihilation cross section is much greater thag,, static calculations of Ps formation for X&5]. Among the
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needed in order to see the near-threshold enhancement pre-
E dicted by Eq.18). However, if the energy distribution of the

. beam is accurately known it may be possible to measure the
] near-threshold annihilation in order to extract the value of
|fpd. Alternatively, one may use the known shape of the

g b b
N 10’ 3 annihilation cross section near threshold, E4$) and(17),
102:_ ] to analyze the positron energy distribution in the beam.
In conclusion, the behavior of they3annihilation cross
101;‘ E section has been determined near the Ps-formation threshold.
B O R ST S S It is equal to theo-Ps-formation cross section in the thresh-
03~ 02 -0l 0 01 02 03

-, (V) old region. Using these results together with previous results
obtained for the 2 annihilation cross section we have mod-
FIG. 2. TotalZ; for Xe as the energy spread of the beam is eled the effect of a finite energy width on threshold behavior.
varied. The solid line is for a monoenergetic beam, the dashed lingVe have found that detecting the threshold behavior of the
is 20-meV FWHM, the chain line is 59-meV FWHM, and the dot- positron annihilation cross section experimentally will be
ted line is 139-meV FWHM. very challenging.
The method we used to derive the annihilation cross sec-

noble gases Xe has the largest Ps-formation cross sectidion iS based on the standard expression for the annihilation
(see, e.g., Ref16]), and itsswave Ps-formation amplitude parameteZ.«, Eq. (1). It is applicable at all positron ener-

[2,17]. dominated by positronium formation. This also allows one to

calculate the annihilation cross section precisely for targets

calculated numerically from Eqg16), (23), and (24), are with 1<6.8 eV, where Ps formation is open at all energies.

shown in Fig. 2. The results are given in terms of the quan- Notfe addettj n prtotofVVet;/]vci[utlrc[iBI::I)(e fto thz?nk ItHSher?c-i
tity Zes, as used in experiments, via the relatidhy mura for pointing out to us tha s formation thresho

lies 0.84 meV above that gi-Ps (see, e.g.[6]). We have

B ) - . I
=oal[mro(clu)], whereo, =0y, + 03, is the annihilation  peglected this small effect in the present study.
cross section.

The cross sections in Fig. 2 corresponddgyum= 20, We would like to thank C. M. Surko for useful discus-
59, and 139 meV. Presently, positron beams with an energsions, and H. R. J. Walters and M. T. McAlinden for provid-
resolution of about 20 meV are available. As is clear froming their Ps-formation data. The work of J.L. has been sup-
the figure, a major increase in beam resolution will beported by DEL.

The results obtained by adding;,, from Eq. (25) to o,
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