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Test of quantum nonlocality for cavity fields
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There have been studies on the formation of quantum-nonlocal states in two spatially separate cavities. We
suggest a nonlocal test for a field prepared in two cavities. We couple classical driving fields with cavities
where a nonlocal state is prepared. Two independent two-level atoms are then sent through respective cavities
to interact off-resonantly with the cavity fields. The atomic states are measured after the interaction. Bell’s
inequality can be tested by the joint probabilities of the two-level atoms being in their excited or ground states.
We find that a violation of Bell’s inequality can also be tested using a single atom sequentially interacting with
the two cavities. Potential experimental errors are also considered. We show that with the present experimental
condition of 5% error in the atomic velocity distribution, the violation of Bell’s inequality can be measured.

PACS number~s!: 03.65.Bz, 42.50.Dv
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I. INTRODUCTION

Entangled states have been at the focus of discussion
quantum information theory encompassing quantum tele
tation, computing, and cryptography. Two-body entang
ment @1# allows diverse measurement schemes which
admit tests of quantum nonlocality@2,3#. Using the atom-
field interaction in a high-Q cavity we can produce quantum
entanglement between cavity fields, between atoms, and
tween a cavity field and an atom. An entangled pair of ato
have been experimentally generated using the cavity Q
@4#. The entanglement of atoms and fields in the cavity c
be utilized toward a realization of the controlled-NOT ga
for quantum computation@5,6#.

A pair of atoms can be prepared in an entangled s
using the atom-field interaction in a high-Q cavity. The in-
teraction of a single two-level atom with a cavity field brin
about entanglement of the atom and the cavity field@7#. If
the atom does not decay into other internal states afte
comes out from the cavity, the entanglement will survive
long, and it can be transferred to a second atom interac
with the cavity field. The violation of Bell’s inequality ca
be tested by a joint measurement of the atomic states.

There are proposals to entangle fields in two spatia
separated cavities using atom-field interaction@8,9#. A two-
level atom in its excited state passes sequentially thro
two resonant single-mode vacuum cavities, and is found
be in its ground state after the second-cavity interaction
the interaction with the first cavity is equivalent to ap/2
vacuum pulse and the second-cavity interaction to ap pulse
@6#, then the atom could have deposited a photon either in
first cavity or in the second, so that the final stateuC f& of the
two-cavity field is@8#

uC f&5
1

A2
~ u1,0&1eiwu0,1&), ~1!

*Electronic address: hyoung@quanta.sogang.ac.kr
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whereu1,0& denotes one photon in the first cavity and none
the second, andu0,1& the reverse. Using the entangled cav
field ~1!, an unknown atomic quantum state can also be te
ported@6#.

A three-level atom can act as a quantum switch to cou
a vacuum cavity with an external classical coherent field
the atom is in an intermediate state before it enters the c
ity, the ac Stark shift between the intermediate and upp
most states brings about a resonant coupling of the ca
with the external field, so that the external field can be
into the cavity. If the atom is initially in its lowermost state
the atom is unable to switch on the coupling between
cavity and the external field. Using the Ramsey interfere
and atomic quantum switch, Davidovichet al. suggested a
coherent state entanglementuCc& between two separate cav
ties @9#, uCc&5B1ua,0&1B2u0,a&, whereua,0& denotes the
first cavity in the coherent state of the amplitudea and the
second in the vacuum.

In this paper, we are interested in a test of nonlocality
an entangled field prepared in spatially separated cavi
Despite the suggestions on the production of entangled
ity fields, a test of the quantum entanglement, i.e., a meas
ment of the violation of Bell’s inequality for the entangle
cavity fields, has not been made. To test the quantum no
cality, we first couple classical driving fields with cavitie
where a nonlocal state is prepared. Two independent t
level atoms are then sent through respective cavities to in
act off-resonantly with the cavity fields. The atomic stat
are measured after the interaction. Bell’s inequality can
tested by the joint probabilities of two-level atoms being
their excited or ground states. We find that quantum non
cality can also be tested using a single atom sequent
interacting with the two cavities. We also consider poten
experimental errors. The atoms normally have Gaussian
locity distribution with a normalized standard deviation le
than 5%. We show that, even with the experimental err
caused by the velocity distribution, the test can be feasib

II. BELL’S INEQUALITY BY PARITY MEASUREMENT

It is important to choose the type of measurement va
ables when testing nonlocality for a given state. Banas
©2000 The American Physical Society02-1
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and Wódkiewicz@10# considered even and odd parities of t
field state as the measurement variables, where a sta
defined to be in even~odd! parity if the state has even~odd!
numbers of photons. The even- and odd-parity operatorsÔE

andÔO are the projection operators to measure probabili
of the field having even and odd numbers of photons, resp
tively:

ÔE5 (
n50

`

u2n&^2nu, ÔO5 (
n50

`

u2n11&^2n11u. ~2!

To test the quantum nonlocality for the field state
modesa and b, we define the quantum correlation opera
based on the joint parity measurements,

P̂ab~a,b!5P̂E
a~a!P̂E

b~b!2P̂E
a~a!P̂O

b ~b!

2P̂O
a ~a!P̂E

b~b!1P̂O
a ~a!P̂O

b ~b!, ~3!

where the superscriptsa andb denote the field modes and th
displaced parity operatorP̂E,O(a) is defined as

P̂E,O~a!5D̂~a!ÔE,OD̂†~a!. ~4!

The displacement operatorD̂(a) displaces a state bya in
phase space. The displaced parity operator acts like a ro
spin projection operator in the spin measurement@2#. We can
easily derive that the local hidden variable theory impo
the Bell’s inequality@10#

uB~a,b!u[u^P̂ab~0,0!1P̂ab~0,b!

1P̂ab~a,0!2P̂ab~a,b!&u<2, ~5!

where we callB(a,b) the Bell function.

III. PARITY MEASUREMENT IN CAVITY QED

Englert et al. @11# proposed an experiment to determi
the parity of the field in a high-Q single-mode cavity. Let us
consider a far-off-resonant interaction of a two-level ato
with a single-mode cavity field. If the detuningD5vo2v of
the atomic transition frequencyvo from the cavity-field fre-
quencyv is much larger than the Rabi frequencyV, there is
no energy exchange between the atom and the field, bu
relative phase of the atomic states changes due to the ac
shift @12#. The change of the phase depends on the numbe
photons in the cavity and on the state of the atom:

ue,c f&→ exp@2 iQ~ n̂11!#ue,c f&,
~6!

ug,c f&→ exp@ iQ~ n̂!#ug,c f&,

where the atom-field stateue,c f& denotes the atom in its
excited state and the cavity field inuc f&. The phaseQ(n̂) is
a function of the number of photons in the cavity and t
atom-field coupling time and strength.
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If a p/2 pulse is applied on a two-level atom before
enters the cavity, the atom, initially in its excited state, tra
sits to a superposition state without changing the cavity fi

ue,c f&→
1

A2
@ ue,c f&1 ieif1ug,c f&], ~7!

wheref1 is determined by the phase of the pulse field. T
atom, then, passes through a cavity and undergoes an
resonant interaction with the cavity field where the ato
field coupling function is selected to be

Q~ n̂!5
p

2
n̂. ~8!

After the atom comes out from the cavity, the atom is
lowed to interact with the secondp/2 pulse. If the phases o
the first and the second pulses are chosen to satisfy the
tion

iei (f12f2)51, ~9!

the atom-field state after the secondp/2 pulse is

1

2
$ i @12~21! n̂#ue,c f&1eif2@11~21! n̂#ug,c f&%. ~10!

If the atom is detected in its excited state, the field has e
parity. If the atom is detected in its ground state, the field
odd parity. The atom tells us the parity of the field@11#.

IV. QUANTUM NONLOCALITY OF CAVITY FIELDS

To test the quantum nonlocality of the field,uc f
ab&, pre-

pared in spatially separated two single-mode cavities, we
two two-level atoms as shown in Fig. 1~a!. In this paper we
assume that the mode structures of the cavities are iden
and the atoms are independent identical atoms. The at
are labeleda andb to interact, respectively, with the fields i
the cavitiesa and b. Each atom is initially prepared in its
excited state and sequentially passes through interac
zones of the firstp/2 pulse, the cavity field, and the secon
p/2 pulse. The atom-field state then becomes

uea ,eb&uc f
ab&→uw~ n̂a ,n̂b!&uc f

ab&, ~11!

whereuw(n̂a ,n̂b)& is the atomic state with the weights of th
field operators (n̂a and n̂b are number operators of fields i
the cavitiesa andb),

uw~ n̂a ,n̂b!&5a~ n̂a!a~ n̂b!uea ,eb&1a~ n̂a!b~ n̂b!uea ,gb&

1b~ n̂a!a~ n̂b!uga ,eb&1b~ n̂a!b~ n̂b!uga ,gb&,

~12!

where a(n̂)5@e2 iQ(n̂11)2ei (f12f2)eiQ(n̂)#/2 and b(n̂)
5 ieif2@e2 iQ(n̂11)1ei (f12f2)eiQ(n̂)#/2. Choosing appropri-
ate conditions for the atom-field couplings and pulse pha
as shown in Eqs.~8! and ~9!, the atom-field state becomes
2-2
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1

4
$ i @12~21! n̂a#uea&1eif2@11~21! n̂a#uga&%

3$ i @12~21! n̂b#ueb&1eif2@11~21! n̂b#ugb&%uc f
ab&.

~13!

If the atoms are jointly found in their excited states, then
know that both cavities are in odd-parity states. The jo
probability Pee of the atoms being in their excited states
related to the expectation value of the following joint par
operator:

Pee5^P̂O
a ~0!P̂O

b ~0!&. ~14!

In Eqs. ~3! and ~5!, it is seen that we need to know th
joint parities of thedisplacedoriginal fields to test the quan
tum nonlocality. To displace the cavity field, external sta
fields are coupled to the cavities as shown in Fig. 1~a! @13#.
After a nonlocal field state is prepared in the cavities,
couple the cavities with the external fields to displace
original nonlocal field, then send two independent ato
through the respective cavities. Thep/2 pulses shine atom
before and after the cavity interaction to provide Rams
interference effects. The atomic states are detected afte
secondp/2 pulses.Pee(a,b) denotes the joint probability o
atoms being in their excited states when the original field
the cavitiesa andb are displaced bya andb, respectively.
The expectation value of the quantum correlation operato
Eq. ~3! is obtained by the joint probabilities

FIG. 1. Schematic diagram of the quantum nonlocality test
cavity fields. ~a! Two two-level atoms pass through two cavitie
and joint measurements of atomic levels are performed after
cavity interaction.~b! A single two-level atom passes sequentia
through two cavities, and a measurement of atomic level is p
formed after the atom-field interaction in the cavities.
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^P̂ab~a,b!&5Pee~a,b!2Peg~a,b!

2Pge~a,b!1Pgg~a,b!. ~15!

If there are any displacement factorsa andb which result in
a violation of Bell’s inequality in Eq.~5!, the field originally
prepared in the cavities is quantum mechanically nonloc

After a closer look at Eq.~3!, we find that we do not need
the individual parity of each cavity field to test inequality~5!.
We only need the parity of the total field. Instead of send
two atoms to cavities, we now send a single two-level at
sequentially through cavities, as shown in Fig. 1~b!. The
atom is initially prepared in its excited state and underg
p/2 pulse interactions before and after the cavity interacti
The atom-field coupling strength is selected to satisfy E
~8!, and the phasesfa and fb of the two p/2 pulses are
chosen as exp@i(fa2fb)#51; then the atom-field state be
comes

ue,c f
ab&→2

1

2
@11~21! n̂a1n̂b#ue,c f

ab&

1
i

2
@12~21! n̂a1n̂b#ug,c f

ab&. ~16!

The external stable fields are taken to be coupled with
cavities to displace the cavity fields. The probabili
Pe(a,b) of the atom being in its excited state, after havi
passed displaced cavity fields andp/2 pulses, is the expec
tation value of the parity operators,

Pe~a,b!5^P̂O
a ~a!P̂O

b ~b!1P̂E
a~a!P̂E

b~b!&, ~17!

wherea, b denote the displacements of the fields in cavit
a and b. Similarly, the probability of the atom being in it
ground statePg(a,b) is found to be related to the odd parit
of the total fields. The expectation value of the quantu
correlation function operator in Eq.~3! is simply

^P̂ab~a,b!&5Pe~a,b!2Pg~a,b!. ~18!

This does not tell us the parity of each mode but the parity
the total field, which is enough to test the violation of Bell
inequality.

V. REMARKS

We have suggested a simple way to test the quantum n
locality of cavity fields by measuring the states of atom
after their interaction with cavity fields. The test does n
require a numerical process on the measured data. The
ference in the probability of a single two-level atom being
its excited and ground states is directly related to the tes
quantum nonlocality. In fact, this can also be used to rec
struct the two-mode Wigner function, as the mean parity
the field is proportional to the two-mode Wigner functio
@10,14,15#:

W~a,b!5~2/p!2^P̂ab~a,b!&. ~19!

r

e

r-
2-3



in
el
of
to
-

t t

u
ri-

m
al
e
a

es
ri

t

th

th

-

eld
c-

tri-

ishes
to

in

e is
as

om
tom

u-

he

h
the
tes,
sed.

-
v-

b-

nd

ted
f

M. S. KIM AND JINHYOUNG LEE PHYSICAL REVIEW A 61 042102
Experimental error can easily occur due to fluctuation
the atom-field coupling strength and time. The atom-fi
coupling functionQ(n̂) depends on the mode structure
the cavity field and on the time it takes for the atom
interact with the cavity field@11#. Because the atomic veloc
ity has some fluctuations, the interaction time is subjec
experimental error@16#. Another error source may be thep/2
pulse operation. We now analyze the possibility to meas
the violation of quantum nonlocality in the potential expe
mental situation.

The test of quantum nonlocality using the two-ato
scheme in Fig. 1~a! is considered with potential experiment
errors. The error in the atom-field coupling function is d
noted byDQ(n̂), which is the departure of the experiment
valueQ(n̂) from the required valueQ0(n̂),

DQ~ n̂!5Q~ n̂!2Q0~ n̂!5dn̂, ~20!

whereQ0(n̂)5(p/2)n̂. The relative phases of atomic stat
given by thep/2-pulse interactions are also subject to expe
mental errors. We take the phase errorDf as

Df5~f22f1!2f0 , i exp~ if0!51. ~21!

Note that the atomic state measurement is equivalent to
parity measurement as in Eq.~14! only when Q(n̂)
5Q0(n̂) andf22f15f0.

The errors in the atom-field coupling and phases of
p/2 pulses bring about the departureDPab(a,b) of the joint
atomic state probabilities from the expectation value of
parity operators in Eq.~15!. The mean error ofDPab(a,b)
is calculated up to the second order ofd andDf as follows:

DPab~a,b![Pee~a,b!2Peg~a,b!2Pge~a,b!

1Pgg~a,b!2^P̂ab~a,b!&

522^c f
abuP̂ab~a,b!$D@ n̂a~a!#

1D@ n̂b~b!#%ucab&, ~22!

where

D@ n̂a,b~a!#5
1

4
@2n̂a,b~a!11#2d2

1
1

2
@2n̂a,b~a!11#dDf1

1

4
~Df!2, ~23!

andn̂a,b(a)5D̂†(a)n̂a,bD̂(a) are the displaced number op
erators for the field modes in cavitiesa and b. The mean
error DB(a,b) of the Bell function measurement in Eq.~5!
is given by

DB~a,b!5DPab~0,0!1DPab~a,0!

1DPab~0,b!2DPab~a,b!. ~24!

Consider an explicit example of a quantum nonlocal fi
~1! for an illustration of the experimental errors. For simpli
04210
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ity, we take the phase factor to be zero, i.e.,w50. We know
from earlier work @10# that Bell’s inequality is maximally
violated withB;22.19 whena52b and uau2;0.1. Sub-
stituting uC f& of Eq. ~1! into uc f

ab& of Eq. ~22!, DPab(a,b)
is

DPab~a,b!'22^c f
abuP̂ab~a,b!uc f

ab&

3^c f
abu$D@ n̂a~a!#1D@ n̂b~b!#%uc f

ab&

522^P̂ab~a,b!&$c1~a,b!d2

1c2~a,b!dDf1~Df!2%, ~25!

where the mean-field approximation has been used@17#.
The expectation value ^P̂ab(a,b)&5(2ua2bu2

21)e22(uau21ubu2), and the parametersc1(a,b)52(uau4

1ubu4)1 13
2 (uau21ubu2)15 and c2(a,b)52(uau21ubu2)

14. The mean errorDB for a52b'A0.1 is then given by

DB;10.2d218.1dDf12.0~Df!2. ~26!

The probing atoms normally have a Gaussian velocity dis
bution which causes the errorsd andDf. When we consider
the ensemble average over atoms, the second term van
in Eq. ~26!, and the first and third terms finally contribute
degrade the value of the Bell function.

For the test of nonlocality using single atoms as shown
Fig. 1~b!, the mean errorDB is similarly obtained as

DB;16.3d218.2dDf11.0~Df!2. ~27!

This is slightly larger than error~26! for the two-atom
scheme. The error enhancement in the single-atom schem
due to the fact that the experimental errors are multiplied
the atom passes through two cavities. For the two-at
scheme, the error is the sum of errors that occur in each a
interaction with the cavity field andp/2 pulses. We find that
when the standard deviation of the atomic velocity distrib
tion is 5%, DB;0.06 for the two-atom scheme andDB
;0.10 for the single-atom scheme, which still allows t
observation of the violation of Bell’s inequality.

If the Q factor of a cavity is high, the cavity is very muc
closed. When an atom passes through the cavity walls
atom can lose information about the phases of atomic sta
so that the scheme suggested in this paper cannot be u
However, recently, Nogueset al. suggested a way to imple
mentp/2 pulses and cavity field interactions inside the ca
ity @18#. If this scheme is applied there will not be the pro
lem of losingQ value to retain atomic phase information.
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