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Test of quantum nonlocality for cavity fields
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There have been studies on the formation of quantum-nonlocal states in two spatially separate cavities. We
suggest a nonlocal test for a field prepared in two cavities. We couple classical driving fields with cavities
where a nonlocal state is prepared. Two independent two-level atoms are then sent through respective cavities
to interact off-resonantly with the cavity fields. The atomic states are measured after the interaction. Bell's
inequality can be tested by the joint probabilities of the two-level atoms being in their excited or ground states.
We find that a violation of Bell's inequality can also be tested using a single atom sequentially interacting with
the two cavities. Potential experimental errors are also considered. We show that with the present experimental
condition of 5% error in the atomic velocity distribution, the violation of Bell's inequality can be measured.

PACS numbegs): 03.65.Bz, 42.50.Dv

I. INTRODUCTION where|1,0) denotes one photon in the first cavity and none in
the second, anf,1) the reverse. Using the entangled cavity
Entangled states have been at the focus of discussions fi¢ld (1), an unknown atomic quantum state can also be tele-
quantum information theory encompassing quantum telepoorted[6]. _
tation, computing, and cryptography. Two-body entangle- A three-levc—_zl ato_m can act as a quantum switch to _couple
ment [1] allows diverse measurement schemes which ca vacuum cavity with an external classical coherent field. If
admit tests of quantum nonlocalif2,3]. Using the atom- the atom is in an intermediate state before it enters the cav-

field interaction in a high® cavity we can produce quantum ity, the ac Star'k shift between the intermec_iiate and upper-
entanglement between cavity fields, between atoms, and b@.oﬁt states brlnlgfs_ ﬁjbout a;]resr?nant COU||3I|fr_19| dOf thebca:cw(tjy
tween a cavity field and an atom. An entangled pair of atomgvIt the external field, so that the external field can be fe
have been experimentally generated using the cavity QE&?O the cavity. If the atom is initially in its lowermost state,

[4]. The entanglement of atoms and fields in the cavity ca e atom is unable to S.W'tCh on the coupling petween the
be utilized toward a realization of the controlled-NOT gatecavIty and the external field. Using the Ramsey interference

for quantum computatiofb,6]. agﬁe?;?]ﬂ(t:a?euzplgnm gﬂﬁm )Dbaevtlvc\j/g\élrclé:vﬁ;; gagrziéega\élli-
A pair of atoms can be prepared in an entangled stat§e q ¥ :

using the atom-field interaction in a higd-cavity. The in- st[9], lt\PC) :,[El|a’g>+8t2|ot’at>’ V\:chtire|a,0>l_tcli:;not%stahe
teraction of a single two-level atom with a cavity field brings Irs C‘ZV'. ytlr? € coherent state ot the ampiitugeand the
about entanglement of the atom and the cavity fl&1{ If second n the vacuum.

the atom does not decay into other internal states after it In this paper, we are intere_sted in a test of nonlocality_f_or
comes out from the cavity, the entanglement will survive foran entangled field prepared in spatially separated cavities.

long, and it can be transferred to a second atom interactinﬁes.pite the suggestions on the production of_entangled cav-

with the cavity field. The violation of Bell's inequality can y fields, atest of t.he quantu,m fentanglgment, .., @ measure-

be tested by a joint measurement of the atomic states. ment OT the violation of Bell's inequality for the entangled
There are proposals to entangle fields in two spatiallfav'ty fields, has not been made. To test the quantum nonlo-

separated cavities using atom-field interacti8g]. A two- cality, we first couple classical driving fields with cavities

level atom in its excited state passes sequentially throug helre ta nonloc{;ﬂ state Lsthprepz?]red. TW?. mdep?[_ndetnt_tvtvo-
two resonant single-mode vacuum cavities, and is found t Fvel atoms are then sent through respective cavities to inter-

be in its ground state after the second-cavity interaction. Ifct off-resonantly with the cavity f|elds.,The atomic states
the interaction with the first cavity is equivalent toma2 are measuredl ?ﬁef the |n't¢.ract|on. Bell's inequality can .be
vacuum pulse and the second-cavity interaction te pulse tested by the joint probabilities of two-level atoms being in

[6], then the atom could have deposited a photon either in thg]elr excited or ground states. We find that quantum nonlo-

a1 Cocons, 5 s e o S . £, Sl o et i s e o et
two-cavity field is[8] 9 : p

experimental errors. The atoms normally have Gaussian ve-
locity distribution with a normalized standard deviation less
than 5%. We show that, even with the experimental errors

1 ; caused by the velocity distribution, the test can be feasible.
[vo= (110 +elo), (1) Y Y !
II. BELL'S INEQUALITY BY PARITY MEASUREMENT
It is important to choose the type of measurement vari-
*Electronic address: hyoung@quanta.sogang.ac.kr ables when testing nonlocality for a given state. Banaszek
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and Walkiewicz[10] considered even and odd parities of the  If a 7/2 pulse is applied on a two-level atom before it
field state as the measurement variables, where a state esiters the cavity, the atom, initially in its excited state, tran-
defined to be in evefodd parity if the state has eveiodd sits to a superposition state without changing the cavity field

numbers of photons. The even- and odd-parity operadgrs

andOg are the projection operators to measure probabilities e —Tle +ielt 7
of the field having even and odd numbers of photons, respec- &) \/EH W) 9.0 0
tively:

where ¢ is determined by the phase of the pulse field. The
R * R atom, then, passes through a cavity and undergoes an off-
Oe=2 [2n)(2n|, Op=2 |2n+1)2n+1|. (2)  resonant interaction with the cavity field where the atom-
n=0 n=0 field coupling function is selected to be

o

To test the quantum nonlocality for the field state of o
modesa and b, we define the quantum correlation operator O(n)= En. (8)
based on the joint parity measurements,

~ b ~ b fa e After the atom comes out from the cavity, the atom is al-
%, B) =Hg(a)I1g(B) — He(a)Il5(B) lowed to interact with the second/2 pulse. If the phases of
the first and the second pulses are chosen to satisfy the rela-

—T() LB +TE(TB), O ion
where the superscriptsandb denote the field modes and the jel(1-d2) =1, 9)

displaced parity operatd?[E‘o(a) is defined as _ )
the atom-field state after the secomt? pulse is

Mg o(@)=D(a)Og oD (a). (4)

1. . _ .
. . _ _ S=(=D)"le.yr)+e' 21+ (=1)"|g.¢r)}. (10
The displacement operat®(«) displaces a state by in
ph_ase space. The dlspla_ced parity operator acts like a rOt"“t(ﬁdthe atom is detected in its excited state, the field has even
spin projection operator in the spin measureni@htwe can arity. If the atom is detected in its ground state, the field has

easily derive that the local hidden variable theory impose : ; ;
the Bell's inequality{10] gdd parity. The atom tells us the parity of the fig¢ldL].

~ ~ IV. QUANTUM NONLOCALITY OF CAVITY FIELDS
|B(a,)|=[(112°(0,0) + [12°(0,8)

To test the quantum nonlocality of the fiel|dl/?b>, pre-

+112%(«,0) _ﬁab(a”gm <2, (5) pared in spatially separated two single-mode cavities, we use
two two-level atoms as shown in Fig(dl. In this paper we
where we callB(«a, ) the Bell function. assume that the mode structures of the cavities are identical

and the atoms are independent identical atoms. The atoms

are labeleda andb to interact, respectively, with the fields in

the cavitiesa and b. Each atom is initially prepared in its
Englertet al. [11] proposed an experiment to determine excited state and sequentially passes through interaction

the parity of the field in a higl single-mode cavity. Let us zones of the firstr/2 pulse, the cavity field, and the second

consider a far-off-resonant interaction of a two-level atom/2 pulse. The atom-field state then becomes

with a single-mode cavity field. If the detuninlg= w,— o of o

the atomic transition frequenay, from the cavity-field fre- lea,ep)| 43— | @(Ng,Np) Y| 420, (12)

guencyw is much larger than the Rabi frequenQy there is L

no energy exchange between the atom and the field, but thehere|¢(n,,ny,)) is the atomic state with the weights of the

relative phase of the atomic states changes due to the ac stg&|d operators i, andn,, are number operators of fields in

shift[12]. The change of the phase depends on the number ghe cavitiesa andb),

photons in the cavity and on the state of the atom:

Ill. PARITY MEASUREMENT IN CAVITY QED

. | ¢(Na,Np)) =a(Nz)a(Ny)|eq,ep) +a(Na)b(Ny)|es,gp)
le, ) — exg —i®(n+1)]e,¢),

®) +b(N2)a(Ny)|ga, ) +b(N2)b(Ny)|ga,Gb),
|g:¢f>4’ exqi(n)]|gl¢f>! (12)
where the atom-field statge, ;) denotes the atom in its where a(ﬁ)?[e*i®(ﬁ*1)—e‘(¢1j"’2)e‘®(ﬁ)]/2 and b(n)
excited state and the cavity field ;). The phas@(n) is  =ie'?2[e 10+ 1)4 gl (41-42)e®M]/2 Choosing appropri-
a function of the number of photons in the cavity and theate conditions for the atom-field couplings and pulse phases
atom-field coupling time and strength. as shown in Eqs8) and(9), the atom-field state becomes
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® o e (10, )= Ped @, 8) ~ Pegf @, )
T e
Q /// /// —Pgel@,B)+Pgyg(a,B). (15)
zl‘ /I’

,I ,I If there are any displacement factarsand 8 which result in

" )2 pulse " #/2 pulse a violation of Bell's inequality in Eq(5), the field originally
prepared in the cavities is quantum mechanically nonlocal.

l/\/ l’\/ After a closer look at Eq3), we find that we do not need

. - the individual parity of each cavity field to test inequali§).

@ /2 pulse @ /2 pulse We only need the parity of the total field. Instead of sending

two atoms to cavities, we now send a single two-level atom
sequentially through cavities, as shown in Figh)l The

(b) atom is initially prepared in its excited state and undergoes
/2 pulse interactions before and after the cavity interaction.
The atom-field coupling strength is selected to satisfy Eq.
ggecgéit% ftate (8), and the phase#, and ¢, of the two w/2 pulses are
@ _»_I_> ________________________ N . chosen as eXf(¢,— ¢,)1=1; then the atom-field state be-
— = comes

2 |¥/ ~ 2 pul 1
7/2 pulse /2 pulse |e,¢?b>_>_§[1+(_1)na+nb]|e'¢?b>

FIG. 1. Schematic diagram of the quantum nonlocality test for
cavity fields.(a) Two two-level atoms pass through two cavities, i - - b
and joint measurements of atomic levels are performed after the + 5[1_(_1)na+nb]|ga¢? ). (16)
cavity interaction.(b) A single two-level atom passes sequentially
through two cavities, and a measurement of atomic level is per,

formed after the atom-field interaction in the cavities. he external stable fields are taken to be coupled with the

cavities to displace the cavity fields. The probability
P<(a,B) of the atom being in its excited state, after having

1 A i A passed displaced cavity fields and? pulses, is the expec-
Z{'[l_(_l) lea) +e' A1+ (~1)"]|ga)} tation value of the parity operators,
*{i[1— (= 1)™]ep)+€#2 1+ (= 1)™]|gp)} [ 5"). Po(a,B)=(MI3(a)TI(B) +TIR()ITR(B)),  (17)
(13

wherea, B denote the displacements of the fields in cavities

a and b. Similarly, the probability of the atom being in its
If the atoms are jointly found in their excited states, then Weground stat® y(a, 8) is found to be related to the odd parity
know that both cavities are in odd-parity states. The jointof the total fields. The expectation value of the quantum

probability Pe. of the atoms being in their excited states is correlation function operator in E¢3) is simply
related to the expectation value of the following joint parity

operator: (1%, B)) = Pe(a@,B) — Py(a,B). (18)

—/Tra /0 b This does not tell us the parity of each mode but the parity of
Pee=(15(0)T15(0)). (149 the total field, which is enough to test the violation of Bell's
inequality.
In Egs. (3) and (5), it is seen that we need to know the
joint parities of thedisplacedoriginal fields to test the quan- V. REMARKS
tum nonlocality. To displace the cavity field, external stable
fields are coupled to the cavities as shown in Fig) {13]. We have suggested a simple way to test the quantum non-
After a nonlocal field state is prepared in the cavities, welocality of cavity fields by measuring the states of atoms
couple the cavities with the external fields to displace theafter their interaction with cavity fields. The test does not
original nonlocal field, then send two independent atomgequire a numerical process on the measured data. The dif-
through the respective cavities. The2 pulses shine atoms ference in the probability of a single two-level atom being in
before and after the cavity interaction to provide Ramseyts excited and ground states is directly related to the test of
interference effects. The atomic states are detected after tiggiantum nonlocality. In fact, this can also be used to recon-
secondr/2 pulsesP.4 a,8) denotes the joint probability of struct the two-mode Wigner function, as the mean parity of
atoms being in their excited states when the original fields irihe field is proportional to the two-mode Wigner function
the cavitiesa andb are displaced byr and 3, respectively. [10,14,15:
The expectation value of the quantum correlation operator in .
Eq. (3) is obtained by the joint probabilities W(a,B)=(2/m) X113 a,B)). (29
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Experimental error can easily occur due to fluctuation inity, we take the phase factor to be zero, ie= 0. We know
the atom-field coupling strength and time. The atom-fieldfrom earlier work[10] that Bell's inequality is maximally
coupling function®(n) depends on the mode structure of violated with B~ —2.19 whena=— g and|«|*~0.1. Sub-
the cavity field and on the time it takes for the atom tostituting|¥) of Eq. (1) into |#§°) of Eq. (22), ATI?®(a, )
interact with the cavity field11]. Because the atomic veloc- is
ity has some fluctuations, the interaction time is subject to

experimental errof16]. Another error source may be the2 ATI®(a, B)~ — 2(2°|112°(a, B) | 42°)
pulse operation. We now analyze the possibility to measure
the violation of quantum nonlocality in the potential experi- X (P A NG (@) ]+ A[N(B) T 20
mental situation. .
The test of quantum nonlocality using the two-atom =—2(I1%%(a, B)){c1(a, B) 62
scheme in Fig. (B) is considered with potential experimental )
errors. The error in the atom-field coupling function is de- +Ca(a,B) oA+ (Ah)7}, (25)

noted byA@(ﬁ), which is the departure of the experimental

value ©(R) from the required valu® o(R). where the mean-field approximation has been ugEd.

The expectation value (I1%%(a,B))=(2|a— B|?
AB(R)=0(N)—O4(N)=5n, (20) —1)e 20e**1£" and the parameters,(a,B)=2(|a|*
+BIM+Z(|al*+[B*)+5 and cy(a,B)=2(|a|*+]BI?)
where®y(n) = (w/2)n. The relative phases of atomic states +4. The mean erroAB for «=— ~/0.1 is then given by
given by therr/2-pulse interactions are also subject to experi-
mental errors. We take the phase erfap as AB~10.252+8.16A ¢+ 2.0(A )2 (26)

Ad=(d2=d1) = o, Texplig)=1. (22) The probing atoms normally have a Gaussian velocity distri-
Note that the atomic state measurement is equivalent to t ution which causes the errofsandA 4. When we conSIder_

. . N the ensemble average over atoms, the second term vanishes
parity measurement as in Eq14) only when ©(n) i, g4 (26), and the first and third terms finally contribute to
=0¢(n) and ¢, — p1= . degrade the value of the Bell function.

The errors in the atom-field coupling and phases of the For the test of nonlocality using single atoms as shown in

7/2 pulses bring about the departux&l®®(«, 8) of the joint  Fig. 1(b), the mean erroAB is similarly obtained as
atomic state probabilities from the expectation value of the

parity operators in Eq(15). The mean error oATI*(«, B) AB~16.35%+8.25A ¢+ 1.0(A ). 27)
is calculated up to the second order®éndA ¢ as follows:
ab — _ _ This is slightly larger than errof26) for the two-atom
Al @, B)=Ped a.f) = Peg( @) = Pgel @, ) scheme. The error enhancement in the single-atom scheme is
+ ng(a,ﬁ)—<ﬁab(a,,8)> due to the fact that the experimental errors are multiplied as
the atom passes through two cavities. For the two-atom
=-2( 1//?b|f[ab(a,,[3){A[ﬁa(a)] scheme, the error is the sum of errors that occur in each atom
~ interaction with the cavity field an@/2 pulses. We find that
+A[ny(B) T} ™), (220 when the standard deviation of the atomic velocity distribu-
tion is 5%, AB~0.06 for the two-atom scheme ankB
where ~0.10 for the single-atom scheme, which still allows the
1 observation of the violation of Bell's inequality.
A[ﬁa,b(a’)] - Z[Zﬁa,b(a’) +1]262 If the Q factor of a cavity is high, the cavity is very much

closed. When an atom passes through the cavity walls the
1 1 atom can lose information about the phases of atomic states,
+2[2n, h(a)+1]5Ad+=(Ap)% (23) SO that the scheme suggested in this paper cannot be used.
2 ' 4 However, recently, Noguest al. suggested a way to imple-
- N . ment /2 pulses and cavity field interactions inside the cav-
andn, p(a)=D'(a)n, ;D (a) are the displaced number op- ji, [18]. If this scheme is applied there will not be the prob-

erators for the field modes in cavitiesand b. The mean e of losingQ value to retain atomic phase information.
error AB(a, ) of the Bell function measurement in Ech)

is given by
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