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On the Disentangling Process for Two-Mode Squeezed State

Jinhyoung Lee
∗

Quantum Photonic Science Research Center and Department of Physics, Hanyang University, Seoul 133-791

Helen McAneney and M. S. Kim

School of Mathematics and Physics, The Queen’s University, Belfast BT7 1NN, United Kingdom

(Received 14 November 2003)

A pure state decoheres into a mixed state as the system entangles with an environment which
is initially in a pure state. However, it is not definite that the system becomes entangled with a
confined environment with which it only ever interacts. We investigate the disentangling mecha-
nism by considering the quantum correlation between a two-mode squeezed state and a thermal
environment.
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I. INTRODUCTION

Decoherence has been studied in the context of
quantum-classical correspondence, providing a quantum-
to-classical transition of a system [1]. The effects of the
decoherence have been intensively studied in quantum
information theory [2–4]. A pure single-mode field be-
comes a mixed state and loses its quantum nature by
decoherence in an environment. It is widely accepted
that the decoherence process may be understood as a
process of entangling the system and its environment,
which is composed of a large (normally infinite) number
of independent modes [5,6]. The change of the system
entropy may be regarded as an indication of the system-
environment entanglement [5].

Most of the studies on decoherence have focused on
a single-body system [7], because the decoherence pro-
cess of a many-body system is expected to be a straight-
forward extension of a single-body system in a Markov
environment, if it is separable. However, if it is entan-
gled, the decoherence mechanism may impose a different
nature, which, in addition, is relevant to many intrigu-
ing arguments in quantum mechanics, including Zurek’s
postulate [1] on our observation of a classical state.
Schrödinger’s cat, for instance, is observed in either the
alive or the dead state, and not in their superposition. In
the measurement process, a system S is fully entangled
with the measurement apparatus M, such that S +M
is in the state

a|alive〉|Ma〉+ b|dead〉|Md〉 (1)
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where |Ma〉 and |Md〉 are orthogonal. The apparatus
and the environment E are further entangled due to their
interaction. It was argued that the chain interaction
gives rise to GHZ entanglement for the composition of
S+M+E [1]. Upon elimination of the environment, the
system and the apparatus enter a classically correlated
state, so that the gauge of the apparatus indicates the
classical state of the system: Schrödinger’s cat is either
alive or dead. In these approaches, the environment is
commonly assumed to be in a pure state. However, if
it is confined to the variables that interact with a sys-
tem (S +M in the example), what kind of entangle-
ment is involved in our observation of classical states?
In this paper, we investigate the disentangling process
by studying the quantum correlation of a two-mode en-
tangled continuous-variable system and an environment
in thermal equilibrium.

A continuous-variable state is defined in an infinite-
dimensional Hilbert space, and it is convenient to work
with its Wigner function [8], W (x̃), in phase space.
For an N -mode field, the phase space is coordinated by
quadrature variables, x̃ = {q1, p1, · · ·, qN , pN}. Through-
out the paper, a vector is denoted in bold face and an
operator by a hat. A light field of a continuous-variable
system propagating through a fiber or a free space is
normally considered as a thermal environment. The dy-
namics of the field coupled to the thermal environment
is governed by the Fokker-Planck equation in the inter-
action picture [8],

∂W (x̃)
∂τ
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γ

2
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i

]
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where γ is the energy decay rate of the system and
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ñ = 2n̄ + 1, with n̄ = [exp(~ω/kBT ) − 1]−1, the av-
erage number of thermal photons at temperature T . kB
is the Boltzmann constant. The first term in the bracket
describes an energy dissipation, whilst the second is due
to diffusion which causes the decoherence of the system.

By using the Fokker-Planck equation (2), it is diffi-
cult to directly investigate the quantum correlation be-
tween the system and the environment as it is derived
by tracing over all environmental variables. In this pa-
per, we show that the system interacting with the infinite
environmental variables is equivalent to a system inter-
acting with a small number of effective environmental
variables such that their interactions result in the identi-
cal Fokker-Planck equation of the system. For instance,
a single-mode field in a thermal environment is equiva-
lent to one interacting with a single mode “environment”
in a thermal state. The sufficiency of the few environ-
mental variables in describing the decoherence enables
one to manipulate an experiment so as to investigate the
decoherence by introducing such effective environmen-
tal variables and even controlling their couplings to the
system. By keeping the environmental variable(s) one
can study the entanglement nature of the system and its
environment.

II. EFFECTIVE ENVIRONMENT
APPROACH

Reduced dynamics of an open quantum system has
commonly been investigated by a master equation with
reduced density operator or Fokker-Planck equation with
quasi-probability function like the Wigner function [9].
By the master equation (or Fokker-Planck equation),
however, it is difficult to investigate the quantum cor-
relation between the system and the environment, as
it is derived by tracing over all environmental variables
[10]. We suggest another approach by introducing the
notion of an “effective environment”. It will be shown
that the system interacting with the large number of en-
vironmental degrees of freedom (which we call “environ-
mental variables”) is equivalent to a system interacting
with a small number of effective environmental variables
in the sense that their interactions result in the same
master (or Fokker-Planck) equation of the system.

The existence of the small number of effective envi-
ronmental variables, that lead to the correct and equiv-
alent description of the system’s dynamics, is predicted
by two observations. First, at a given time τ , the density
operator ρ̂ of the system S can always be purified to a
pure state |ψ〉 of the larger composite system consisting
of the system S and an ancillary system R, such that
ρ̂ is obtained by tracing the pure state over the ancil-
lary system, i.e., ρ̂ = Trr|ψ〉sr〈ψ|. For the purification,
an ancillary system is required to have its Hilbert space
larger than or equal to that of the system [11]: For in-
stance, a qubit may suffice for the ancillary system if

the system is a qubit. As the composite system S + R
provides all physical descriptions relating to the system,
the ancillary system is called effective variable(s) (cer-
tain collective degrees of freedom) of the environment at
the given time τ . Secondly, the effective variables may
be mobile over the environment as the interaction time
τ passes. The mobility of the effective variables can be
absorbed by time-dependent coupling constants, which,
in turn, make the effective variables stationary. The set
of time-dependent coupling constants and the effective
variables contains all the information of the environment
that governs the dynamics of the system. We call this
set an effective environment.

We shall show that a single-mode system S and a single
mode of an effective environment R leads to the Fokker-
Planck equation (2) for the Markovian amplitude damp-
ing channel. The interaction Hamiltonian between the
two modes S and R, in the interaction picture, is as-
sumed to be

ĤI(τ) = iλ(τ)
(
ŝr̂† − ŝ†r̂

)
, (3)

where ŝ (r̂) is the annihilation operator for the system S

(effective environment R). The evolution operator ÛI(τ)
for the interaction Hamiltonian ĤI(τ) in Eq. (3) is equiv-
alent to a beam-splitter operator with the system mode
S and the effective environment R as its input modes:

ÛI(τ) = exp[Λ(τ)(ŝr̂† − ŝ†r̂)], (4)

where Λ(τ) =
∫ τ

0
λ(τ ′)dτ ′ gives the transmittivity and,

t2(τ) = cos2 Λ(τ). On keeping the transmitted energy
finite, t2(τ) = exp(−γτ), the time-dependent beam-
splitter operator ÛI(τ) leads to the Fokker-Planck equa-
tion (2) if the mode R is initially in a thermal state with
average photon number n̄.

In order to derive the Fokker-Planck equation, it is
convenient to use the characteristic function for a single
mode, defined as

χ(ξ) = Tr
(
T̂ (ξ)ρ̂

)
, (5)

where ρ̂ is a density operator of the single mode and
T̂ (ξ) = exp(ξŝ† − ξ∗ŝ) the displacement operator [8,12].
The Wigner function W (α) is given by Fourier transfor-
mation to the characteristic function χ(ξ) as

W (α) =
1
π

∫
d2ξ exp (αξ∗ − α∗ξ)χ(ξ). (6)

A beam splitter operation is described by a convolution
law between two Wigner functions of input modes. The
convolution implies that for each output mode its char-
acteristic function results from a simple product of the
characteristic functions of the two input modes [13]. As
the evolution operator ÛI(τ) is a beam splitter operator,
the characteristic function of the system S at a time τ is
given by

χ(ξ, τ) = χs(t(τ)ξ)χr(r(τ)ξ), (7)
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where χs(ξ) and χr(ξ) are characteristic functions for the
initial states of the system S and the environment R, re-
spectively. Here, the transmittivity t(τ) is given below
Eq. (4) and the reflectivity r2(τ) = 1 − t2(τ). The dy-
namic equation of χ(ξ, τ) is given by the time derivative
in Eq. (7) as

χ̇(ξ, τ) = χ̇s(t(τ)ξ)χr(r(τ)ξ) + χs(t(τ)ξ)χ̇r(r(τ)ξ).(8)

Noting that the effective environment is initially in a
thermal state, χr(r(τ)ξ) = exp(−ñr2(τ)|ξ|2/2). By per-
forming the Fourier transformation of Eq. (8), one can
easily obtain the Fokker-Planck equation (2).

From the present approach, the generalization to the
N -mode system is straightforward, and further it can
easily be extended to incorporate a general Gaussian,
i.e., squeezed thermal, environment. This was proven in
an alternative approach using an infinite beam-splitter
model [13]. We stress that the present approach is
general, as the principal idea is applicable to a non-
Markovian environment and even to a finite-dimensional
system [14].

III. DISENTANGLING PROCESS

A two-mode squeezed state of modes a1 and a2, which
can be generated by a nondegenerated optical paramet-
ric amplifier, is the most renowned and experimentally-
relevant entangled state for continuous variables [15]. We
assume that the mode a2 of the system modes inter-
acts with the environment, which is the circumstance of
the measurement apparatus interacting with the envi-
ronment. The two-mode squeezed state is a Gaussian
state, which is represented by its characteristic function
in the form of χ(x) = exp(−xVxT /4). V is the correla-
tion matrix whose elements determine the mean quadra-
ture values of the field: Vij = 〈(x̂ix̂j + x̂j x̂i)〉. Here, we
neglect linear terms in x because they do not affect en-
tanglement properties. For a two-mode squeezed state,
the correlation matrix Vs is

Vs =
(

cosh(2s)11 sinh(2s)σz
sinh(2s)σz cosh(2s)11

)
, (9)

where 11 is the 2 × 2 unit matrix, σz the Pauli matrix
and s the squeezing parameter [16].

Consider the correlation matrix of the two system
modes a1 and a2 and the effective environment b. The
correlation matrix before the interaction is given by
V0 = Vs ⊕ ñ11. The evolution operator ÛI(τ) in Eq.(4)
is now described by the matrix

UI =

11 0 0
0 t11 −r11
0 r11 t11

 , (10)

where r2 = 1 − t2 and the dependence on τ is omitted.
Then, the correlation matrix for the total system after
the interaction is given as Vc = UIV0UT

I .

The entanglement structure is investigated with a sep-
arability condition that a two-mode Gaussian state is
separable if and only if the partially momentum-reversed
correlation matrix (or the partially transposed density
operator) satisfies the uncertainty principle [17]. The
condition was extended to a biseparability condition be-
tween a single mode and a group of N modes by Werner
and Wolf [18], which states that a Gaussian field of 1×N
modes is biseparable if and only if

ΛVΛ− 1
2
σ⊕(N+1)
y ≥ 0, (11)

where Λ is a partial momentum-reversal matrix on the
particular single mode, V the correlation matrix of 1×N
modes, and σy the Pauli matrix. Here, σ⊕(N+1)

y ≡ σy ⊕
σy ⊕ ...⊕ σy.

Let us consider pairwise entanglement between any
two of the three modes. The correlation matrix Vc for
the modes a1 and a2 is given as

Vc(a1, a2) =
(

cosh(2s)11 t sinh(2s)σz
t sinh(2s)σz (t2 cosh 2s+ r2ñ)11

)
.

(12)

Using Simon’s criterion [17], the system modes a1 and
a2 are separable when t2 ≤ t2a1a2

= n̄/(1 + n̄) and s 6= 0.
For the entanglement of the system mode a1 and the
environment b, Vc(a1, b) is equivalent to Vc(a1, a2) if r
and t are interchanged. Thus, due to the symmetry the
separability condition now reads as t2 ≥ t2a1b

= 1− t2a1a2
.

In both cases the results are independent of the initial
entanglement of the system, depending only on the tem-
perature of the environment and the interaction time
τ as t2 = exp(−γτ). Modes a2 and b are always sep-
arable as their quasiprobability P function always ex-
ists [19]. Tracing over a1, the mode a2 becomes a ther-
mal state with the number of effective thermal photons
n̄s = (cosh 2s− 1)/2. A product of thermal states has a
positive definite P function and the action of the beam
splitter only transforms the coordinates of the input P
function: Pa2(x̃1)Pb(x̃2) bs−→ Pa2(tx̃1−rx̃2)Pb(tx̃2+rx̃1).

Figure 1 presents the entanglement structure among
the system modes and the effective environment. The
solid lines are the boundaries of entanglement of the
system mode a1 and the effective environment b, t2a1b

,
and of the two system modes a1 and a2, t2a1a2

. These
lines are obtained from the separability condition de-
scribed above, by using Vc. For comparison, we consider
N = 100 beam splitters modeling the interaction of the
system with the environment consisting of N modes and
calculate the biseparability of the 1× 100-mode field by
using Giedke et al.’s computational analysis [20]. The
computational results of entanglement are denoted by
circles and dots. We find that the two methods are ex-
actly consistent.

The three modes a1, a2, and b compose a tripartite sys-
tem. Many-body entanglement for continuous-variables
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Fig. 1. Diagram of entanglement for a two-mode squeezed
state interacting with a thermal environment of average pho-
ton number n̄. t2 = exp(−γτ) is the transmittivity of the
beam splitter. The solid lines are the boundaries of entangle-
ment of a1 and b and of a1 and a2, which are obtained from
the separability condition. The circles and dots are found by
computational analysis with N = 100 beam splitters. The
circles indicate that the system mode a1 and the thermal
environment are entangled, and the dots indicate that the
system modes a1 and a2 are entangled.

has been studied extensively by using beam splitters and
single-mode squeezed states [21]. Giedke et al. classified
types of entanglement for a three-mode Gaussian field
in terms of the biseparability [20]. A three-mode field is
biseparable when any grouping of three modes into two
is separable. When a three-mode field is not biseparable
in any of the three possible ways, it is called fully entan-
gled. A fully-entangled tripartite system may be further
classified in terms of pair-wise entanglement; for qubits,
two kinds have been discussed [22,23], one of which is
Greenberg-Horne-Zeilinger (GHZ) entanglement [24] and
the other is W-entanglement. A GHZ-entangled state
becomes separable when any one particle is traced out,
while a W-entangled state is pairwise entangled for any
pair of the three particles. On the other hand, there is
another kind of entanglement, two-way entanglement, for
a fully-entangled tripartite d-dimensional system (d ≥ 3)
[25]. One example for three particles labeled as a, b and
c is pairwise entanglement of a and b and of b and c but
the particles a and c are separable in addition to their
being fully entangled.

It is found both computationally, and analytically by
using the biseparability condition in Eq. (11) that the
tripartite system of a1, a2 and b is fully entangled if
0 < t2 < 1 and s 6= 0. This fact is independent
of the temperature of the environment so that the tri-
partite system is fully entangled over the whole region
in Fig. 1. The tripartite system is two-way entangled,
i.e., a1-a2 and a1-b modes are entangled if n̄ < 1 and
t2a1a2

< t2 < t2a1b
. There are two regions where one pair

of the three-mode field is entangled. In the region of
n̄ > 1 and t2a1b

≤ t2 ≤ t2a1a2
, the three modes are GHZ-

entangled. Here, we note that GHZ entanglement of an
entangled system with an environment is an important
source of its loss of the initial pair-wise entanglement.
This is clearly seen for n̄ > 1 in Fig. 1. The two modes
of the system are initially entangled, but as τ increases
such that GHZ entanglement emerges, they lose their
initial entanglement. Finally, the entanglement is trans-
ferred to between the system mode a1 and the effective
environmental mode. For n̄ < 1 the decoherence process
is different with initially a1-a2 modes being entangled,
then two-way entanglement and finally a1-b being entan-
gled.

There is an observable to distinguish the different
routes. For a Gaussian state with correlation matrix
V, Trρ̂2 = 1/

√
detV [16], the mixedness of the Gaussian

state may be measured by M =
√

detV − 1, which is 0
when the state is pure and grows as the system becomes
mixed. This measure is relevant to experiment, as all the
elements of the correlation matrix are measurable bu us-
ing homodyne detectors. We examine the mixedness of
the system at the time when it loses its entanglement,
i.e., t2 = t2a1a2

:

Me = 2
[(

2− 1
n̄+ 1

)
cosh2 s− 1

]
. (13)

We see that the mixedness Me grows with n̄ and reaches
its half point M1 when n̄ = 1. This result holds par-
ticularly for a two-mode squeezed state, but may indeed
suggest that the mixedness of the system is a strong in-
dicator of the mechanism of system-environment entan-
glement. Thus, for Me < M1, decoherence into two-way
entanglement occurs, whilst for Me > M1 GHZ entan-
glement occurs.

One may go beyond Markov approximation and ex-
tend the present approach to incorporate the finite N

modes {b̂j} of the environment with natural frequencies
ωj , that influence the system with arbitrary coupling
constants λj . The total Hamiltonian (~ = 1) is given
as

Ĥ = 2
2∑
i=1

ω0L̂ai + 2
N∑
j=1

ωjL̂bj + 2
N∑
j=1

λjM̂a2bj , (14)

where the Hermitian operators L̂u = (2û†û + 1)/4 and
M̂uv = (û†v̂ + ûv̂†)/2 with u, v = a1, a2 and bj . Here,
the first (second) term is the free Hamiltonian of the
two modes of system (the environmental modes) and
the third term is the interaction Hamiltonian between
the second mode of the system and the environmen-
tal modes. On introducing new Hermitian operators
Nuv = −i(û†v̂ − ûv̂†)/2 and letting L̂±uv = L̂u ± L̂v, the
set A = {L±uv,Muv, Nuv} forms a Lie algebra [26] with
the commutation relations

[Âi, Âj ] = CijkÂk, (15)
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where Âi ∈ A and Cijk is a structure constant. The evo-
lution operator Û = exp(−iĤτ) can now be represented
by the elements (generators) of the Lie algebra A as

Û = exp

(
i
∑
i

gi(τ)Âi

)
=
∏
i

exp
(
ig′i(τ)Âi

)
, (16)

where gi(τ) and g′i(τ) are real coefficients depending on
the time τ . Note that the evolution operator Û consists
of the rotators generated by L̂±uv and the beam split-
ters generated by M̂uv or N̂uv. We know that the ther-
mal reservoir has rotation symmetry so that the rota-
tion should not change the nature of quantum correla-
tion with the environment. Then, only the beam-splitter
operators are left and the argument in this paper should
hold in this very general case: We know that any com-
bination of rotators and beamsplitters does not bring
about entanglement in the output fields when the in-
put fields are classical [27], so, even in this case, there
is no entanglement between a2 and environment modes.
Further details on the entanglement nature within the
non-Markovian environment interaction will be discussed
elsewhere.

IV. CONCLUSIONS

A two-mode squeezed state [8], which is represented
in the Fock basis as

∑
φn|n〉|n〉, φn = (tanh s)n/ cosh s,

may be understood as the coupling of the measurement
apparatus to the system in the state

∑
φn|n〉 as in

Eq.(1). Zurek attributed not being able to observe a
quantum state to the GHZ-type entanglement of S +M
with environment E . We investigated the process of dis-
entangling the two-mode squeezed state and found that
there are the two distinct routes of the disentangling pro-
cess: two-way and GHZ entanglement. After a little al-
gebra, we can easily prove that, at the instance of dis-
entanglement, the mutual information between the two
modes a1 and a2 is higher when it is disentangled through
two-way entanglement with the environment than GHZ
entanglement. This means that more information on a1

is gained by the “measurement” of mode a2 [28]. For the
study of decoherence, we have shown that the infinite en-
vironmental variables are reducible to the considerably
fewer effective-variables that give the equivalent descrip-
tion of the dynamics of the system. The reduction en-
ables one to investigate and control the decoherence in
an experiment, and further to analyze the nature of en-
tanglement the system and the environment.
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