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Abstract

Quantum nonlocality is tested for an entangled coherent state, interacting
with a dissipative environment. A pure entangled coherent state violates
Bell’s inequality regardless of its coherent amplitude. The higher the initial
nonlocality, the more rapidly quantum nonlocality is lost. The entangled
coherent state can also be investigated in the framework of 2 x 2 Hilbert
space. The quantum nonlocality persists longer in 2 x 2 Hilbert space. When
it decoheres it is found that the entangled coherent state fails the nonlocality
test, which contrasts with the fact that the decohered entangled state is always

entangled.



I. INTRODUCTION

Einstein, Podolsky, and Rosen proposed a thought experiment to test the local realism
properties of quantum mechanics [1]. An inequality imposed by a local hidden variable
theory was suggested by Bell [2], which enables a quantitative test concerning the controversy
of local realism versus quantum mechanics in a real laboratory. Various versions of Bell’s
inequality [3,4] followed the original one, and experiments have been performed testing
local realism [5]. In spite of successful experimental results, it has been pointed out that
there remain two possible loopholes. One is called the lightcone loophole that might allow
local realistic interpretation. Some experiments have been performed with strict relativistic
separation between measurements to close this loophole [6]. The other is the detection
loophole due to detection inefficiency. According to this loophole, there is a possibility that
the detected subensemble violates Bell’s inequality even though the whole ensemble satisfies
it. Some authors generalised Bell’s inequality to the case of inefficient detection [4,7,8] and
other proposals have been made [9] to close the detection loophole. An experiment on
nonlocality has been performed with an efficient detection [10].

The nonlocality test can be performed on an entangled system composed of two coherent
systems [11]. This entangled system can be used as a quantum entangled channel for quan-
tum information transfer. The entangled coherent state can be generated using a coherent
light propagating through a nonlinear medium [12] and a 50-50 beam splitter as shown in
Fig. 1. There have also been proposals to entangle fields in two spatially separated cavities
[13]. The entangled coherent state and its usage for quantum information processing [14-17],
teleportation [14,16,17] and entanglement concentration [17] have all been studied recently.

In this paper, we study nonlocality of an entangled coherent state using photon parity
measurement. We first investigate the nonlocality of a pure entangled coherent state, and
move on to the dynamic behavior of nonlocality for a decohered entangled coherent state
in a vacuum environment. The dynamic behaviour is also investigated in the framework of

2 x 2 Hilbert space and the results are compared. It is found that nonlocality of a decohered



entangled coherent sate persists longer when it is considered in 2 x 2 space.

II. NONLOCALITY FOR AN ENTANGLED COHERENT STATE

We are interested in nonlocality of an entangled coherent state

! Wl —a)|a
|C)12 = \/—N(|a>1| — )y + €| )1la)2), (1)

where @ = a, + ta; is a complex amplitude, ¢ is a real local phase factor, and N is a

normalization factor. By applying local unitary transformations any state in the form of

Wz = (B2 + €l 6)) 2)
with arbitrary amplitudes  and v can be transformed to a form like that of Eq. (1) up to
a global phase factor. Applying displacement operators Dq(z)Dy(z), where x = x, + iz; is
complex, the entangled coherent state (2) becomes
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with z = —%(ﬁ +7v),a=p0+x=—(y+2), and ¢ = x;6, — x.0; + x;0, — ;. Here the
displacement operator is defined as D(x) = exp(xa' + z*a), where a and a' are annihilation

and creation operators [18]. In this paper, we consider the nonlocality of entangled coherent

states

1
VL

where N, are normalisation factors and « is assumed to be real for simplicity.

Cy) =

(lo)] =) £| = a)|a))/ (4)

The type of quantum observable to be measured is a crucial factor in the nonlocality test.
Banaszek and Wédkiewicz developed a Wigner function representation of the Bell-Clauser,
Horne, Shimony and Holt (CHSH) [3] inequality using a two-mode parity operator II(a, 3)

as a quantum observable [19,20]. The two-mode parity operator II(«, 3) is defined as

I(a, ) = Di() Do(B)ILD () DY(B), ()
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where
=1l ®@Ileg — ey @ Ilpp — Iy @ Hea + oy & Lo, (6)
with
He:i|2n)(2n|, Hozi|2n+1)(2n+1|. (7)
The Bell-CHSH inequality is then
1B] = [(I(e, B) + I(a, #') + (e, B) = T(e/, )| < 2, (8)

where we call |B| the Bell measure. The displacement operation can be effectively performed
using a beam splitter with the transmission coefficient close to one and a strong coherent
state being injected into the other input port [20]. The two-mode Wigner function at a given

phase point described by « and ( is

W(a. ) = —Te[pll(ar, B)]. (9)

o2
where p is the density operator of the field. From Eqgs.(8) and (9), we obtain the Wigner

representation of Bell’s inequality
2
1Bl = ZIW (e ) + W (@, 8) + W(a', §) = W(a, 8] < 2 (10)

The Wigner function of an entangled coherent state is obtained from the Fourier trans-

form of it’s characteristic function

C(n,§) = Tr[pD1(n)D2(§)]. (11)

Banaszek and Waodkiewicz used their Wigner function based Bell measure with v = § = 0.
We consider all four variables «, 3,a’ and ' in our investigation of the Wigner function
based Bell measure as shown in Eq. (10) to test nonlocality more generally. The maximum
Bell-CHSH violation using Banaszek and Waédkiewicz’s version is approximately 2.19 for

two-mode squeezed states [19,22] and 2.5 for entangled coherent states as shown in Fig. 2.
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However, for the generalised Bell measure in Eq. (10), both two-mode squeezed states [23]
and entangled coherent states have a maximal Bell-CHSH violation of 2v/2 (as shown in
Fig. 2).

The entangled coherent states |C_) and |C.) violate the Bell inequality regardless of the
size of the amplitude, o > 0. As the amplitude « increases the Bell measure tends towards
a maximum of 2v/2.

It is interesting to note that the Bell measure for the |C_) state takes a higher value
than for the |C,) state. If the number state representation of the coherent state is [18]

o—lal?/2,m
o) = 3 In) (12)

which means that, in the limit of small coherent amplitude «,
|+ a) & e *F2]10) + af1)]. (13)
Substituting this into the entangled coherent states |C) and |C_) we find

|C4) o< [0)]0) — a®[1)]1)

|C-) oca([1)|0) —|0)[1)) (14)

When « is small |C) — |0)|0). As the weights of |0)|0) and |1)|1) are radically different
|C) is only minimally entangled. However the two component states |0)|1) and |1)|0) are
equally weighted for |C_) which gives optimal entanglement. A pure entangled state always
violates nonlocality [24]. Any entangled coherent state in a form as given in Eq. (4) is found
to be nonlocal. We conjecture that any entangled coherent state as given in Eq. (2) also has
nonlocality except when 3 = ~, i.e., when the state is a product state.

The results shown in Fig. 2 were obtained from a numerical consideration of the Bell
measure (10). In analogy with the work carried out in [22] we imposed the condition
B(lal, |81, /], 18']) = B8], |al, 18], |a/]). The method of steepest descent [25] was used

to find the maximum of the Bell measure under our assumptions.



III. DYNAMICS OF NONLOCALITY

A quantum system loses its quantum characteristics if it is open to the world. We
modelled an entangled coherent state interacting with a dissipative environment (two inde-
pendent vacuum reservoirs). To study the dynamics of nonlocality of continuous variable
entangled coherent states it is necessary to find an expression of the time-dependent Bell-
CHSH measure. This in turn means finding an expression for the time-dependent decohered
Wigner function.

The quantum channel decoheres when it interacts with it’s environment and becomes a
mixed state of its density operator p(7), where 7 is the decoherence time. To know the time

dependence of p(7), we have to solve the master equation

0 - - o -
a—i =Jp+Lp; Jp=7 apal, Lp= —%Z(aiaiﬁpaiai) (15)

where a; and a) are the annihilation and creation operators for the field mode 7 and = is the
decay constant. We have assumed that each field mode is coupled to its environment at the

same coupling rate 7. The formal solution of the master equation (15) can be written as
p(t) = exp[(J + L)7]p(0). (16)
which leads to the solution for the initial single-mode dyadic |a) (3|

exp|(J + L)7]|a) (8] = (Bla) =" |at) (5| (17)

where ¢ = e7277. In this paper, we introduce a dimensionless normalised interaction time
r which is related to t by the expression 7 = v/1 —t2. When 7 = 0,¢t = 1 and r = 0. As
T —o00,t > 0and r — 1.

After solving the master equation (15) for the initial entangled coherent state, the time-
dependent density operator p(7) is obtained. Substituting p(7) into Eq.(11), we calculate
the characteristic function and its Fourier transform to obtain the Wigner function for

the decohered entangled coherent state. Once again the results shown in Figs. 3-4 were



obtained using the method of steepest descent to find the maximum value of the Bell
measure under our assumptions. The same symmetrical consideration as before (namely
B(lal, 8], '], [6]) = B(I6], e, |8], |a'[)) was imposed.

From Figs. 3-4 it is obvious that as the entangled coherent state interacts with its en-
vironment it fails the nonlocality test. From Fig. 3 it can be seen that as the coherent
amplitude « increases the initial nonlocality increases and the rate of loss of nonlocality
increases. The larger the initial amplitude, i.e., the larger the initial nonlocality, the more
rapid the loss of nonlocality occurs, i.e., the shorter the duration of the nonlocality. As
r — 1, in Fig. 3 p becomes a product of two vacuum states and the Bell measure approaches
the value 2.

We can see in Fig. 4 that the |C',) state of the coherent amplitude o = 0.1 has a long
duration of nonlocality (r ~ 0.375). The duration of the nonlocality can be increased by

decreasing the coherent amplitude.

IV. NONLOCALITY TEST IN 2x2 DIMENSIONAL HILBERT SPACE

Entangled coherent states can be considered in 2 x 2 dimensional Hilbert space [17],
where |C_) shows maximal entanglement regardless of the value of « [15]. In this section,
we will investigate nonlocality and the dynamics of the entangled coherent state |C_) in a
vacuum environment within the framework of 2 x 2 Hilbert space (see also the discussions
in ref. [26]).

We consider two orthogonal states

&) = ——(la) +| — ), (18)

(lo) =1 =) (19)

|d) =

A-3

where Ny = 24 2¢72" and N_ = 2 — 2¢72°" are normalization factors. A two-dimensional
Hilbert space can be spanned using these states as orthonormal bases. The entangled co-

herent state |C_) can be represented in 2x2 dimensional Hilbert space as



1
C )12 = E('6>1'd>2 — ld)le)s), (20)
where we recognise that |C_) is maximally entangled.

The Bell-CHSH inequality for a bipartite spin-1 state [¢) is [B| < 2, where
B={|ad-610b-G+d- 61V -Go+d G @b-G—a 50V -Gl) (21)

and @, @, b and V' are three-dimensional unit vectors and ¢’s are Pauli matrices [27]. The
unit vectors determine the directions of o-operators which are measurement observables.
They are usually realised by rotating the measurement apparatuses at both sides. The
effect of these unit vectors can also be realised by local unitary operations on both particles
of the pair independently, fixing the direction of the measurement apparatuses so that the
measurement operator becomes 0,1 ® 7,».

We first consider ideal conditions for the nonlocality test. Assume |e) and |d) can be
perfectly discriminated with eigenvalues 1 and -1 by an ideal measurement operator O, =
le)(e| — |d){d|, where the operator O, is an analogy to o, in a spin-3 system. If an ideal

rotation such as R,(f) around an axis,

R.(0)]e) = cosb|e) + isinb|d),

R.(0)|d) = isinfl|e) + cosb|d), (22)
can be performed on the particles of both sides by two local measurements Oy and Ogo.
Under these conditions, it can be proved that the entangled coherent state |C_) maximally
violates the Bell-CHSH inequality regardless of the value of o, i.e., |B|maz = 2v/2.

The dynamic change of nonlocality for the entangled coherent state can be obtained from
its time-dependent density matrix. Assuming vacuum environment, it is possible to restrict

our discussion in 2 x 2 dimensional Hilbert space even for the mixed case. The basis vectors

in Egs. (18) and (19) now should be

le(7)) = —=—=(lta) + | — ta)), (23)

|d(7)) = 7)(th> — | —ta)), (24)



where NV (1) = 2 + 2e72°°" and N_(7) = 2 — 22" Although |e(7)) and |d(7)) are
time-dependent, they always remain orthogonal until, 7 — oo.

With use of the master equation (15) we find the mixed density matrix p_(7) as follows

A 0 0 D
1 0o C —-C O

p—(7) = : (25)

Ny —¢ ¢ o

D 0 0 F

where A, C', D and F are defined as
A=(1-DIN?%(r), (26)
C =1+ DN (NN(7), (27)
D =—(1=D)N(r)N-(7), (28)
E = (1-T)N(7), (29)
I = exp{—4(1 — t*)a?}. (30)
The maximal Bell-CHSH violation for a 2 x 2 dimensional state p is given in [28]

|1Blinaz = 24/ M(p), (31)

where M (p) is the sum of the two larger eigenvalues of TTT and T is a 3 x 3 matrix whose
elements are defined as t,,, = Tr(po,, ® 0,) with Pauli matrices represented by o’s. Ideal
measurement and rotation ability should be assumed again here to use this formula. The

three eigenvalues of 77" for the mixed entangled coherent state p_ are

(C+D)* (C—-D)? (A-2C+E)?

NN NN TONINE (32)

from which M (p_) is obtained by calculating the sum of the two larger eigenvalues.
Fig. 5 shows |B| ez versus the dimensionless time (7). Initially, p_(7 = 0) is maximally
entangled regardless of a and |B|y.: has the maximal value 24/2. As interaction time

increases, nonlocality decreases. For 7 — 0o, p_ becomes a direct product of two coherent
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states, which is a pure state, and |B|,uq. becomes 2. Tt is clear from Fig. 5 that the nonlocality
persists longer in 2 x 2 Hilbert space than in continuous-variable space. We can see that
the nonlocality of a given state varies according to the Hilbert space in which the state is
considered, as entanglement also does [17].

It has already been found that the decohered state p_(7) always remains entangled in
2 x 2 Hilbert space [17]. This indicates that the mixed state p_(7) retains some amount of
entanglement even after it loses its nonlocality. For pure states, it is true that any entangled
state violates Bell’s inequality [24]. On the other hand, it was shown that there are mixed
states which are entangled but do not violate Bell’s inequality [30]. Our model in 2 x 2 space
is one example of that case.

Because the state |e) contains only even numbers of photons and |d) contains only odd
numbers of photons, these two states are eigenstates of the operator O, = I, — II,, which is

known as the pseudo-spin operator [31], i.e.,

Orlzn) = Milxn); n=1,2 (33)

M2 =1 |z19) = |e),|d), (34)

by which |e) and |d) can be perfectly discriminated. The parameters \; 5 are eigenvalues of
the pseudo-spin operator O, and |x; ) are eigenvectors of the operator. The measurement
for the nonlocality test is now Il = O,; ® O,, which is in fact the same as the II defined
in Egs. (6) and (7). Therefore, the nonlocality test in 2 x 2 space can be performed by the
same parity measurement as in Eqgs. (6) and (7). Note that there is no way to distinguish
between O, and O, in our restricted Hilbert space.

If an ideal rotation R, is possible for |e) and |d), the same structure as @-&; ®b- &, can be
perfectly made by II. Cochrane et al. [29] showed that rotation R,(#) can be approximately
realised for @ > 1 by a displacement operator which can change the parity of the even
state |e) and the odd state |d) [29]. When a displacement operator D(i€), where € is real, is
applied to a given parity eigenstate it shows oscillations between |e) and |d).

To obtain the Bell function, we can calculate
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2

e~ _62{62““ cosh[(a + i€)?] + e~ cosh[(a — i€)?] + 2 cosh[a? + 62]}

P9 = (¢/ILIe) = e
_ e’ =< L e2iac ooshl (o + i€)?] + e~2 cosh|[(a — i€)?] — 2 cosh[a? + ¢2

B = (@) = &1 [(+>]2@_&ﬂK ! o+ 1)

e =< L 2o cosh[(ar + i€)?] — e~2i€ cosh[(a — ie)?

]e(e) = <e/‘H6‘d/> = { [( 2 1)_]6_4a2 [( ) ]}’ (37)
P,(e) = (€|l |¢/) =1 — P.(e), (38)
P,(€) = (d|T,|d") = 1 — P,(e), (39)
I,(e) = (d'|I,|e") = —1,(e), (40)

where |¢/) = D(ie)|e) and |d') = D(ie)|d).

From the average values P,(¢) = (¢/[IL.|¢/) and P,(e) = (d'|IL.|d’) shown in Fig. 6, which
represent the probabilities for the measured state to have even parity, we can see oscillations
due to D(i€) in the even and odd states.

The Bell-CHSH inequality is then obtained using Egs. (35) to (40),

B= (C_(e1,&)|H|C_(e1, €2)) + (C_(e1, €))[T]C_(e1, €3))
+(C_(€), &) [INC_(€}, €2)) — (C-(€}, €y)[H|C_(e}, €3)) (41)
= (2P(e1) = 1) (Pu(ea) + Po(eh) = 1) + (2Puer) — 1) (Pele2) + Puleh) — 1)

+ (2Pu()) = 1) (Pule2) = Pul€y)) + (2Pu(€}) = 1) (Pe(e2) = Pu(é)))

+AL(er) (Le(e2) + L(6h)) + 4L(eh) (Te(e2) — Le(eh), (42)
where |C_ (€1, €2)) = D1 (i€1)®Ds(iez)|C-)12. The nonlocality of this pure entangled coherent
state is the same as the nonlocality of the four variable consideration shown in Fig. 2 (higher
valued solid line).

For a mixed state, p_(7) is used to obtain the Bell function,

B =Tr{p_(7; &1, &)1} + Tr{p_(7; €1, )11} + Tr{p_(7; €}, e2)I1} — Tr{p_(7; €}, €3)11}, (43)
p-(Ti€1,e2) = Di(ier) @ Dy(iea)p—(7) D] (ier) ® D(ies). (44)
To calculate Tr{p_(7; €1, €2)I1}, we need to use the redefined identity in the restricted Hilbert

space,

11
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1L = le(r))1le(T))za{e(T)1(e(r)] + le(T))1]d(7))22(d(T)]1 (e(7)|
+d(T)1le(r))22(e(r)[1{d()] + [d(7))1]d(7))22(d(7) |1 (d(T)]

Z_:l | Xn) (Xl (45)

which is not equal to the identity I = 1 [ d?ad?S|a)|3)(B|(a| in the continuous-variable

basis. Using

Te{p- (75 er, )1} = (Xl p— (7)| Xon) (Xn| Dl (1) @ Di(ieo) 11D (i€1) ® Dyliez)| Xn), (46)

n,m

B is obtained by a straightforward calculation as

B = Ave(er, €3) + Ave(ey, e5) + Ave(e), e2) — Ave(e], &), (47)

Avel(er, e3) = g(e1, €2) A+ (€1, €2)E + 2h(e1, 6)(C — D) + (j(el, €9) + k(e 62))C, (48)

gler,€2) = (2P.(e1) — 1)(2P (&) — 1), (49)
h(er, €2) = 8Le(€1)Ie(e2), (50)
jler, &) = (2Pc(e1) — 1)(2Pc(e2) — 1), (51)
ke, e2) = (2Pe(e1) — 1)(2P.(&) — 1), (52)
l(e1, ) = (2Pc(e1) — 1)(2Pc(e2) — 1), (53)

where P(e) = (¢/(r)[IL|e/(T)), Pe(e) = (@ (n)|L|d (7)), L(e) = (¢/(T)[TL|d'()), Po(e) =
(€' (7)L|e/(7)) = 1=Pe(€), Po(€) = (d'(7)|1L|d (7)) = 1= Pe(e), L(e) = (d'(7) T [e/(7)) =
—I,(¢). These are modified versions of Egs. (35) to (40) with |¢/(7)) = D(ie)|e(r)) and
|d'(T)) = D(i€)|d(7)). As a increases, it is expected that the result in 2 x 2 space under the
D(ie) operation approaches to the ideal case shown in Fig. 5.

Fig. 7 shows the largest Bell violation |B|.. for p_(7) against the normalised time. It
is different from the former case of continuous variable entangled coherent state for 7 # 0,
because the concerned identities are different from each other. The nonlocality of a given
state can differ according to the Hilbert space concerned even though the same kind of

measurement observable is used. For e > 1, the rotation needed for the nonlocality test in

the 2-qubit state is ideally realised, and the time variance of the nonlocality approaches to
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the ideal case in Fig. 5 as was expected. For a < 1, required rotation deviates from the

ideal case.

V. REMARKS

We have studied the dynamic behavior of nonlocality for an entangled coherent state in a
dissipative environment. The nonlocality test for an entangled coherent state can be realised
with photon number measurement and displacement operations. Any entangled coherent
state in the form of Eq. (2) can be transformed to a form (1) by local unitary transformations.
The entangled coherent state is found to be nonlocal regardless of its amplitude. The higher
the amplitude, the larger the nonlocality is. When the state interacts with its environment,
the nonlocality is lost. The rapidity of the loss of nonlocality depends on the initial amplitude
of the state. The larger the initial amplitude, i.e., the larger the initial nonlocality, the more
rapid the loss of nonlocality occurs. An entangled coherent state can be studied in 2 x 2
Hilbert space assuming a vacuum environment, where the nonlocality of the same state

persists for longer in the dissipative environment.
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FIGURES

Detector A Detector B
Displacement 1 bs

Displacement 2

Nonlinear
medium

vacuum state
|C>

coherent state |a >
FIG. 1. Nonlocality test for an entangled coherent state. A coherent state, nonlinear medium,

and 50-50 beam splitter are used to generate an entangled coherent state.
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FIG. 2. Bell measure against amplitude a (> 0), of |C_) (solid lines) and |C}) (dashed lines)
entangled coherent states. The higher valued solid and dashed lines are for the generalised Bell

measures while the lower valued solid and dashed lines are for the case taking o = 3 = 0.
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FIG. 3. Nonlocality as a function of the dimensionless normalised time r for the |C_) state in

the vacuum. o = 2 (solid line), a = 3 (dashed line) and o = 5 (dot-dashed line).
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FIG. 4. The |C}.) state for the coherent amplitude o = 0.1, coupled to the vacuum environment,

produces a prolonged nonlocal state.
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FIG. 5. Bell measure for an entangled coherent state against normalised time r in 2 x 2 Hilbert
space under perfect rotations. Nonlocality persists longer in 2 x 2 space than in continuous Hilbert

space. a = 2 (solid line), o = 3 (dashed line) and a = 5 (dot-dashed line).

Aver age

FIG. 6. Oscillations in even and odd states by the displacement operator D(i€). For oo > 1, the
displacement operator acts as a sinusoidal rotation. For a = 2, (¢/|Il¢|e’) (solid line) and (d'|TI.|d")

(dashed line). For a = 5, (¢/|Il.|e’) (dot-dashed line) and (d'|II.|d’) (dotted line).
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FIG. 7. Bell measure against normalised time for a mixed entangled coherent state in 2 x 2
Hilbert space. For a > 1, rotation needed for the nonlocality test in the 2-qubit state is ideally
realised as shown in Fig. 6, and the Bell function approaches the ideal case shown in Fig. 5. a = 2

(solid line), a = 3 (dashed line) and o = 5 (dot-dashed line).
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