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A Banach algebra which is also a Banach lattice, whose positive cone is closed under the
algebra product is called a Banach lattice algebra. A familiar example is the algebra of
continuous functions on a compact Hausdorff space with pointwise defined algebra operations
and order. A less familiar example, but central to this project, is described next.

Given Banach lattices X and Y , a linear map T : X → Y is said to be positive if it maps
positive elements to positive elements, and is said to be regular if it is a linear combination
of positive maps. The space of all regular maps from X to Y , becomes a Banach space when
endowed with a special norm, known as the regular norm. When X = Y , this space is a
Banach algebra with respect to composition, and under some general assumptions on X, also
a Banach lattice, and therefore, a Banach lattice algebra.

It is well-known that in many important situations the continuity of an algebra homo-
morphism between Banach algebras can be deduced from mere algebraic assumptions on the
algebras and possibly on the homomorphism. It seems thus natural to ask, in the case where
A and B are Banach lattice algebras, for conditions on A and B under which a continuous
algebra homomorphism θ : A → B is automatically regular. It is known, for instance, that if
A and B are Banach lattice algebras of functions then every algebra homomorphism between
them is a lattice homomorphism, and hence, positive.

In [1] and [2], we initiated the study of this problem in the special case where A and B are
Banach lattice algebras of regular operators on Banach lattices. The main focus of these papers
was on finding conditions on the underlying Banach lattices of A and B, forcing an injective
homomorphism θ, as above, to be regular. The results of [1] and [2], however, provide only
sufficient conditions for the regularity of a continuous algebra homomorphism between Banach
lattice algebras of regular operators. It seems too much to expect that such conditions can
be also necessary or that every continuous algebra homomorphism between Banach algebras
of regular operators can be regular. However, as of yet, we do not know of any example of
a non-regular continuous algebra homomorphism between Banach lattice algebras of the kind
under consideration.

This project will aim at

i) Finding useful necessary conditions, i.e., conditions easy enough to work with and
strong enough to yield natural examples of the kind we need; and

ii) Refining the sufficient conditions of [1] and [2].

A student intending to work in this project will be expected to have a good grasp of basic
Functional Analysis.
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