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A graph G consists of a set of points 1, 2, . . . , n called vertices, and a set of edges, each edge
connecting a pair of given vertices. Given a graph G, one may consider the subspace

SG = span{Ei,j : (i, j) is an edge of G or i = j}
of the space Mn of all n by n complex matrices (here {Ei,j}ni,j=1 is the set of canonical matrix

units in Mn). The space SG is an operator system: it contains the identity I and is closed
under taking adjoints of matrices. Moreover, SG remembers G: SG and SH are isomorphic as
operator systems if and only if G and H are isomorphic as graphs.

It is therefore tempting to study the graph properties of G through the linear algebraic
properties of SG. In addition, by considering arbitrary operator systems S ⊆Mn, one arrives at
a notion, generalising graphs: these were introduced in [1], they are known as non-commutative
graphs and they arise naturally in Quantum Information Theory.

The aim of this project is two-fold: one one hand, to study combinatorial properties of
graphs through the linear algebraic properties of the operator system SG, and on the other, to
define and develop combinatorial aspects of non-commutative graphs. It will aim, in particular,
to define and study classical graph parameters in the non-commutative setting, and to explore
non-commutative versions of classical theorems from Graph Theory.

The project lies on the border of Graph Theory and Functional Analysis. It will equip the
prospective student with knowledge suitable for both theoretical investigations in Operator
Algebra Theory, and pursuit of applications to Quantum Information Theory. To start working
on the project, the student will need a sound background in Linear Algebra and Functional
Analysis and be interested in Graph Theory.
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